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*QKTH2t bvbi2Kb bBKmHiBQMb `2 r2HH bmBi2/ iQ i?2 aAJh T`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/Bmb M2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i?2 +iQ`b rBi? bTiBH r`2M2bb Q7 i?2B` M2B;?#Qm`bX h?2 6_LL b2`+? T`Q+2bb Bb 7`2[m2MiHv i?2 HBKBiBM; 7+iQ`
Q7 T2`7Q`KM+2- /m2 iQ i?2 /BbT`QTQ`iBQMi2 H2p2H Q7 b+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i Q7 bBKmH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T2`- r2 T`QTQb2 M/ 2pHmi2 irQ MQp2H QTiBKBbiBQMb
Uai`BTb M/ S`QTQ`iBQMH "BM qB/i?V 7Q` BKT`QpBM; i?2 T2`7Q`KM+2 Q7 mMB7Q`K bTiBHHv T`iBiBQM2/ 6_LL b2`+?2b
M/ TTHv i?2K BM +QK#BMiBQM iQ /2KQMbi`i2 i?2 BKT+i QM i?2 T2`7Q`KM+2 Q7 KmHiB@;2Mi bBKmHiBQMbX h?2 irQ
TT`Q+?2b BK iQ `2/m+2 Hi2M+v BM b2`+? M/ `2/m+2 i?2 KQmMi Q7 /i +QMbB/2`2/ UBX2X KQ`2 2{+B2Mi b2`+?BM;V-
`2bT2+iBp2HvX q?2M i?2 irQ QTiBKBbiBQMb `2 +QK#BM2/- i?2 T2F Q#iBM2/ bT22/mTb Q#b2`p2/ BM  #2M+?K`F KQ/2H
`2 RXkdt M/ RXj9t BM irQ M/ i?`22 /BK2MbBQMH BKTH2K2MiiBQMb- `2bT2+iBp2HvX .m2 iQ //BiBQMH MQM 6_LL b2`+?
+QKTmiiBQM- i?2 T2F bT22/mT Q#iBM2/ r?2M TTHB2/ iQ +QKTH2t bvbi2K bBKmHiBQMb rBi?BM 6GJ1:Sl Bb RXkRtX
>B;?HB;?ib
Ç q2 T`QTQb2 irQ QTiBKBbiBQMb iQ 6_LL b2`+? 7Q` +QKTH2t bvbi2K bBKmHiBQMb- QM2 `2/m+BM; Hi2M+v BM b2`+? M/
QM2 `2/m+BM; i?2 KQmMi Q7 /i +QMbB/2`2/X h?2 QTiBKBbiBQMb +M HbQ #2 +QK#BM2/X
Ç h?2b2 QTiBKBbiBQMb ?p2 #22M TTHB2/ iQ  biM/HQM2 #2M+?K`F KQ/2H- BM #Qi? irQ M/ i?`22 /BK2MbBQMb- M/
iQ i?`22 /Bz2`2Mi KQ/2Hb rBi?BM 6GJ1:SlX
Ç h?2 T2F bT22/mT 7Q` 6_LL b2`+? 7Q` i?2 +QK#BM2/ QTiBKBbiBQM TTHB2/ iQ  `M;2 Q7 KQ/2Hb p`B2b #2ir22M
RXkRt M/ RXj9tX
E2vrQ`/b, :Sl- *l.- S`HH2H H;Q`Bi?Kb- *QKTH2t bvbi2KbX
RX AMi`Q/m+iBQM
6Bt2/ _/Bmb L2` L2B;?#Qm`b U6_LLV b2`+? Bb +2Mi@
`H iQ KMv +QKTH2t bvbi2Kb bBKmHiBQMb- 7`QK KQH2+mH`
/vMKB+b iQ +`Qr/ KQ/2HHBM;X AM i?2b2 bvbi2Kb- i?2 bBKm@
Hi2/ +iQ`b Q7i2M BMi2`+i rBi? i?2B` HQ+H M2B;?#Qm`b- 2X;X
T`iB+H2b- T2QTH2 Q` p2?B+H2b- r?B+? KB;?i `2[mB`2 r`2@
M2bb Q7 i?2 HQ+iBQMb- p2HQ+BiB2b M/fQ` /B`2+iBQMb Q7 HH
M2B;?#Qm`BM; +iQ`b rBi?BM  bT2+B}+ `/BmbX 6_LL b2`+?
Bb mb2/ iQ T2`7Q`K i?Bb [m2`v +`Qbb /i TQBMib rBi?BM 
}t2/ `/Bmb Q7 i?2 i`;2i HQ+iBQMX qBi?BM +QKTH2t bvb@
i2Kb bBKmHiBQMb QM :`T?B+b S`Q+2bbBM; lMBib U:SlbV
i?2 [m2`v Q++m`b BM T`HH2H- HHQrBM; 2p2`v 2MiBiv iQ bm`@
p2v i?2B` M2B;?#Qm`b bBKmHiM2QmbHvX
h?2 i2+?MB[m2 Q7 lMB7Q`K aTiBH S`iBiBQMBM; UlaSV Bb
KQbi +QKKQMHv mb2/ iQ T`QpB/2 2{+B2Mi 6_LL b2`+?2b
1KBH //`2bb,
&`X+?Bb?QHK-TX`B+?KQM/-bXK//Q+F'!b?277B2H/X+XmF
USmH _B+?KQM/V
QM :Sl ?`/r`2X q2 +M +QMbB/2` irQ bi;2b iQ i?2
6_LL b2`+? T`Q+2bb- +QMbi`m+iBQM M/ [m2`vX h?2 laS
/i bi`m+im`2 Bb +QMbi`m+i2/ mbBM; i?2 QTiBKBb2/ :Sl
T`BKBiBp2 QT2`iBQMb bQ`i M/ b+MX h?2 [m2`v bi;2 Bb
i?2M TQbbB#H2 rBi? KBMBKH #`M+? /Bp2`;2M+2- r?B+? Bb
QTiBKH 7Q` i?2 +Q?2bBp2 i?`2/ 2t2+miBQM rBi?BM p2+iQ`
mMBib Q7 aBM;H2 AMbi`m+iBQM JmHiBTH2 h?`2/b UaAJhV :Sl
`+?Bi2+im`2bX
.2bTBi2 laS #2BM;  ?B;?Hv TT`QT`Bi2 M/ r2HH /T@
i2/ i2+?MB[m2- i?2 6_LL b2`+? Bb biBHH ivTB+HHv QM2 Q7 i?2
KQbi 2tT2MbBp2 QT2`iBQMb Q7 bBKmHiBQM- Q7i2M `2[mB`BM;
KQ`2 T`Q+2bbBM; iBK2 i?M Mv +QKTmi2 #QmM/ KQ/2H HQ@
;B+X GBF2 KMv :Sl H;Q`Bi?Kb- i?2 [m2`v bi;2 Q7 6_LL
b2`+? Bb #QmM/2/ #v Hi2M+v- r?2`2 KtBKH ?`/r`2
miBHBbiBQM Bb MQi +?B2p2/ #v 2Bi?2` +QKTmi2 QT2`iBQMb
Q` K2KQ`v i`Mb72`bX h?Bb ?b H2/ `2b2`+?2`b iQ b22F Qmi
i2+?MB[m2b iQ BKT`Qp2 i?2 bT22/ i r?B+? 6_LL [m2`B2b
+M #2 2t2+mi2/ (R- k- j- 9)X
+iQ`b rBi?BM JmHiB@;2Mi avbi2Kb UJaV- bm+? b
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+`Qr/ KQ/2HHBM;- `2 Q7i2M BM~m2M+2/ #v M2B;?#Qm`b 7`QK
 ;`2i2` /BbiM+2 i?M i?Qb2 Q#b2`p2/ BM KQ/2Hb bm+? b
aKQQi?2/@S`iB+H2 >v/`Q/vMKB+b UaS>V (8)X //BiBQM@
HHv- ?B;? /2MbBiv +iQ` TQTmHiBQMb H2/ iQ KQ`2 M2B;?@
#Qm`b rBi?BM 2+? `/BH M2B;?#Qm`?QQ/ M/ i?mb ;`2i2`
MmK#2`b Q7 K2KQ`v i`Mb+iBQMbX >2M+2 Ja T2`7Q`K@
M+2 Bb 2bT2+BHHv BKT+i2/ #v i?2 +Qbi Q7 6_LL b2`+?X
h?Bb TT2` T`2b2Mib irQ BM/2T2M/2Mi i2+?MB[m2b T@
THB+#H2 iQ 6_LL [m2`B2b QM :Slb mbBM; i?2 laS /i
bi`m+im`2X q2 `272` iQ i?2b2 b ai`BTb M/ S`QTQ`iBQMH
"BM qB/i?X ai`BTb `2/m+2b i?2 +Qbi Q7 #BM ++2bb2b /m`BM;
i?2 6_LL [m2`v M/ i?2 S`QTQ`iBQMH "BM qB/i? i2+?@
MB[m2 `2/m+2b `2/mM/Mi K2KQ`v ++2bb2b rBi?BM 6_LL
[m2`B2bX h?2b2 irQ QTiBKBbiBQMb +M HbQ #2 +QK#BM2/ iQ
2M#H2 i?2 #2M2}ib Q7 #Qi? i2+?MB[m2b bBKmHiM2QmbHvX
AM +QK#BMiBQM- i?2b2 irQ i2+?MB[m2b `2/m+2 Hi2M+v
rBi?BM i?2 [m2`v bi;2 Q7 6_LL b2`+? #v QTiBKBbBM; +Q/2
T2`7Q`KM+2 M/ `2/m+BM; `2/mM/Mi /i ++2bb2b pB i?2
/DmbiK2Mi Q7 #BM rB/i?bX h?2b2 QTiBKBbiBQMb `2 BK@
TH2K2MiiBQM ;MQbiB+- bmBi#H2 7Q` TTHB+iBQM iQ  #`Q/
`M;2 Q7 laS T`Q#H2KbX >Q2ixH2BM #`B2~v +QMbB/2`2/ i?2
i`/2@Qz Q7 /DmbiBM; #BM rB/i?b BM ?Bb 2`HB2` `2b2`+? (j)X
>Qr2p2`- r2 iF2 i?Bb 7m`i?2`- T2`7Q`KBM; #Qi?  i?2Q`2i@
B+H bb2bbK2Mi Q7 i?2 BKT+i Q7 /DmbiBM; #BM rB/i?b M/
/2KQMbi`iBM; i?2 2z2+ib BM T`+iB+2X
Pm` `2bmHib bb2bb i?2 T2`7Q`KM+2 ++Q`/BM; iQ i?2
K2i`B+b Q7 TQTmHiBQM bBx2 M/ /2MbBiv BM  #2M+?K`F
KQ/2H `2T`2b2MiiBp2 Q7  #`Q/2` +Hbb Q7 T?vbB+H U2X;X
aS>- JaV bBKmHiBQMb BM #Qi? irQ M/ i?`22 /BK2MbBQMbX
h?2 i2bi2/ +QM};m`iBQMb b?Qr BKT`Qp2K2Mib +`Qbb  rB/2
+QHH2+iBQM Q7 +iQ` /2MbBiB2b M/ /Bbi`B#miBQMb- b Bb HBF2Hv iQ
#2 7QmM/ rBi?BM +QKTH2t bvbi2K bBKmHiBQM /QKBMbX hQ
/2KQMbi`i2 i?Bb rB/2 TTHB+#BHBiv- i?2 QTiBKBbiBQM ?b
#22M TTHB2/ iQ i?`22 KQ/2Hb rBi?BM 6GJ1:Sl, "QB/b-
 j. ~Q+FBM; KQ/2Hc S2/2bi`BM-  k. +`Qr/ KQ/2Hc E2`@
iBMQ+vi2-  j. +2HHmH` #BQHQ;B+H KQ/2H- `2T`2b2MiiBp2 Q7
bFBM iBbbm2X h?2 `2bmHib /2KQMbi`i2 i?i i?2 i2+?MB[m2 Bb
#2M2}+BH iQ i?2 T2`7Q`KM+2 Q7 6_LL b2`+? +`Qbb +iQ`
/Bbi`B#miBQMb- /2MbBiB2b M/ 2p2M #2ir22M k. M/ j. KQ/@
2HbX
h?2 `2KBM/2` Q7 i?Bb TT2` Bb Q`;MBb2/ b 7QHHQrb,
a2+iBQM k T`QpB/2b M Qp2`pB2r Q7 pBH#H2 i2+?MB[m2b 7Q`
T2`7Q`KBM; 6_LL b2`+?2b- i?2 i2+?MB[m2 Q7 laS M/
T`BQ` i2+?MB[m2b 7Q` Bib QTiBKBbiBQMc a2+iBQM jXR /2b+`B#2b
i?2 i?2Q`v M/ M 2tKTH2 BKTH2K2MiiBQM Q7 i?2 ai`BTb
i2+?MB[m2- 7Q` i?2 `2/m+iBQM Q7 +QKTmi2 rBi?BM laS +@
+2bb2bc a2+iBQM jXk /2b+`B#2b i?2 i?2Q`v M/ M 2tKTH2
BKTH2K2MiiBQM Q7 i?2 S`QTQ`iBQMH "BM qB/i? i2+?MB[m2-
7Q` i?2 `2/m+iBQM Q7 `2/mM/Mi K2KQ`v ++2bb2b rBi?BM
6_LL b2`+?c a2+iBQM 9 /2iBHb ?Qr i?2 i2+?MB[m2 ?b
#22M BKTH2K2Mi2/ 7Q` 2tT2`BK2MiiBQMc a2+iBQM 8 2tTHBMb
i?2 #2M+?K`F KQ/2Hb i?i ?p2 #22M mb2/ 7Q` 2pHmiBQMc
a2+iBQM e /Bb+mbb2b i?2 `2bmHib Q#iBM2/ r?2M +QKT`BM;
T2`7Q`KM+2 #27Q`2 M/ 7i2` i?2 QTiBKBbiBQMb ?p2 #22M
TTHB2/c 6BMHHv- a2+iBQM d T`2b2Mib i?2 +QM+Hm/BM; `2K`Fb
M/ /B`2+iBQMb 7Q` 7m`i?2` `2b2`+?X
kX L2` L2B;?#Qm`b QM :Sl
6_LL b2`+? Bb T`BK`BHv mb2/ #v +QKTH2t bvbi2Kb
bBKmHiBQMb iQ HHQr bTiBHHv HQ+i2/ +iQ`b iQ bm`p2v i?2B`
M2B;?#Qm`bX h?Bb T`Q+2bb T`QpB/2b r`2M2bb Q7 i?2 2MpB`@
QMK2Mi iQ i?2 mM/2`HvBM; KQ/2H- r?B+? Bb +T#H2 Q7 mbBM;
i?2 M2B;?#Qm` /i iQ BM7Q`K i?2 #2?pBQm` Q7 2+? +iQ`X
h?Bb T`Q+2bb Bb ivTB+HHv `2T2i2/ QM+2 T2` iBK2bi2T H@
HQrBM; 2+? +iQ`- 2X;X  T`iB+H2- iQ 2pHmi2 i?2 7Q`+2b
z2+iBM; i?2B` KQiBQMX 6_LL b2`+? b?QmH/ MQi #2 +QM@
7mb2/ rBi? i?2 i2+?MB[m2 Q7 ǵM2`2bi M2B;?#Qm`Ƕ- r?B+? Bb
+QM+2`M2/ rBi? }M/BM;  bBM;H2 `2bmHi +HQb2bi iQ i?2 b2`+?
Q`B;BMX h?Bb #2M2}ib 7`QK /Bz2`2Mi T2`7Q`KM+2 +QMbB/@
2`iBQMb r?2M +QKT`2/ rBi? 6_LL b2`+?2b- r?B+?- 7Q`
2tKTH2- Kv `2im`M b KMv b 3y `2bmHib T2` [m2`v r?2M
TTHB2/ iQ aS> (8)X
h?2`2 `2 KMv i2+?MB[m2b +T#H2 Q7 KM;BM; bT@
iBH /i (e)- T`BK`BHv miBHBbBM; ?b?BM; (d- 3)- i`22b (N- Ry)
M/ oQ`QMQB /B;`Kb (RR- Rk)X >Qr2p2`- i?2b2 /i bi`m+@
im`2b i`;2i  `M;2 Q7 T`Q+2bb2b 7`QK M2`2bi M2B;?#Qm`
iQ BMi2`b2+iBQM i2biBM;X b bm+? i?2v `2 MQi TTHB+#H2 Q`
QTiBKBb2/ iQ T`QpB/2 ;2M2`H 6_LL b2`+?X 6m`i?2`KQ`2-
i`Mb72``BM; i?2b2 /i bi`m+im`2b 7`QK b2`BH BKTH2K2Mi@
iBQMb iQ i?2 ?B;?Hv T`HH2H aAJh `+?Bi2+im`2 Q7 :Slb
`2[mB`2b +QMbB/2`iBQM Q7 M //BiBQMH b2i Q7 QTiBKBbiBQMb
M/ i2+?MB[m2b iQ }i rBi?BM i?2 /i T`HH2H T`Q;`KKBM;
KQ/2HX
h?2 MBp2 TT`Q+? iQ 6_LL b2`+? Bb #`mi2 7Q`+2 2pH@
miBQM Q7 TB`rBb2 BMi2`+iBQMbX >Qr2p2`- i?Bb #2+QK2b
mMbmbiBM#H2 rBi? T2`7Q`KM+2 [mB+FHv /2+HBMBM; b i?2
MmK#2` Q7 +iQ`b BM+`2b2bX q?BHbi ?B2``+?B+H bTiBH
/i bi`m+im`2b bm+? b F/@i`22b +M #2 ++2H2`i2/ QM
:Slb- M/ ?p2 #22M mb2/ 7Q` L@"Q/v bBKmHiBQMb (Rj)-
i?2v `2 KQ`2 bmBi2/ 7Q` ibFb `2[mB`BM; ;`2i2` T`2+BbBQM
Q7 /i b2H2+iBQM- bm+? b +QHHBbBQM i2biBM; M/ `v@i`+BM;-
r?B+? `2 +QM+2`M2/ rBi? i?2 bBM;H2 M2`2bi M2B;?#Qm` (R9)X
kXRX lMB7Q`K aTiBH S`iBiBQMBM;
aTiBH T`iBiBQMBM; ?b #2+QK2 i?2 biM/`/ 7Q` :Sl
6_LL b2`+?X h?2`2 `2 MQr KMv bQ7ir`2 7`K2rQ`Fb
r?B+? T`QpB/2 BKTH2K2MiiBQMb Q7 bTiBH T`iBiBQMBM; 7Q`
2Bi?2` ;2M2`H +QKTH2t bBKmHiBQMb Q` 7Q` bBKmHiBQM rBi?BM
 bT2+B}+ /QKBM- 2X;X 6GJ1:Sl (R8) UJmHiB@;2Mi
aBKmHiBQMV- ~mB/bj (Re) UaS>V- GJJSa (Rd) UJQH2+mH`
.vMKB+bV  J"1_ (R3- RN) UJQH2+mH` .vMKB+bVX
lM/2` :Sl laS i?2 FMQrM 2MpB`QMK2Mi Bb bm#@/BpB/2/
BMiQ  mMB7Q`K ;`B/ Q7 #BMb- rBi? 2+? #BM #2BM; ;Bp2M  +QM@
b2+miBp2 B/2MiB}2` Ubm+? i?i BM k /BK2MbBQMb i = pYdX+pX-r?2`2 p Bb i?2 ;`B/ TQbBiBQM BM i?2 +Q``2bTQM/BM; tBb M/
d Bb i?2 ;`B/Ƕb /BK2MbBQMbVX h?2 HQ+iBQM Q7 biQ`2/ /i Bb
+HKT2/ iQ 7HH rBi?BM i?2 FMQrM 2MpB`QMK2Mi #QmM/bX b
i?2 2MpB`QMK2Mi ?b #22M bm#/BpB/2/ BMiQ  `2;mH` ;`B/ Q7
#BMb- i?Bb HHQrb i?2 HQ+iBQMǶb +QMiBMBM; #BM iQ #2 B/2MiB@
}2/X HH Q7 i?2 /i iQ #2 biQ`2/ BM i?2 laS /i bi`m+im`2
Bb i?2M bQ`i2/ M/ biQ`2/ BM Q`/2` Q7 i?2B` `2bT2+iBp2 #BM
B/2MiB}2`bX
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Neighbour Data Array
Array Index
Neighbour Data
0 1 2 63 54 7 8 9
Partition Boundary Matrix
0 0 0 1 1 2 3 5 7 7 7 8 8 9 10 10 10
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15Bin ID
Bin Data Start Index
R
R
0 1 2 3
4 5 6 7
111098
12 13 14 15
R 0 1 2 3
4 5 6 7
8 9 10 11
12 13 14 15
Legend
Source Neighbour:
Radial Neighbour:
Loaded Moore Neighbour:
Untouched Neighbour:
Moore Search Bins:
Radial Neighbourhood:
6B;m`2 R, oBbmH `2T`2b2MiiBQM Q7 M 2MpB`QMK2Mi M/ ?Qr Bib /i
Bb biQ`2/ M/ ++2bb2/ mM/2` :Sl mMB7Q`K bTiBH T`iBiBQMBM;X h?2
S"J +ib b M BM/2t iQ 2+? #BMǶb TQ`iBQM Q7 i?2 M2B;?#Qm` /i
``vX
aQ i?i M2B;?#Qm` /i rBi?BM  bT2+B}+ #BM +M #2
++2bb2/ 2{+B2MiHv-  S`iBiBQM "QmM/`v Ji`Bt US"JV
Bb +QMbi`m+i2/X h?Bb bi`m+im`2 T`QpB/2b M BM/2t iQ i?2
bi`i Q7 2+? #BMǶb /i rBi?BM i?2 M2B;?#Qm` /i `@
`vX q?2M ++2bbBM; i?2 laS /i bi`m+im`2 iQ T2`7Q`K 
6_LL [m2`v-  ;`B/ Q7 #BMb 2M+QKTbbBM; i?2 `/BH M2B;?@
#Qm`?QQ/ Kmbi #2 ++2bb2/X ++2bbBM; i?2 +QMi2Mib Q7 
#BM i?2`27Q`2 `2[mB`2b `2/BM; irQ pHm2b 7`QK i?2 S"J-
bQ i?i i?2 K2KQ`v `M;2 2M+QKTbb2/ #v i?2 #BMǶb /i
+M #2 B/2MiB}2/X
6B;m`2 R T`2b2Mib  irQ@/BK2MbBQMH 2tKTH2 Q7 i?2
/i bi`m+im`2b mb2/X .m2 iQ i?2 +QKT+i Mim`2 Q7 i?2
/i bi`m+im`2 M/ i?2 aAJh `+?Bi2+im`2 Q7 :Slb- B7 i?2
+QMiBMBM; #BM Q7  bBM;H2 +iQ`Ƕb /i +?M;2b- i?2 2M@
iB`2 /i bi`m+im`2 Kmbi #2 `2+QMbi`m+i2/X >Qr2p2`- i?2
T`Q+2bb 7Q` +QMbi`m+iBM; #Qi? i?2 M2B;?#Qm` /i ``v
M/ S"J Bb H`2/v ?B;?Hv /i@T`HH2H- miBHBbBM; rB/2Hv
pBH#H2 T`HH2H T`BKBiBp2b bm+? b bQ`i M/ b+MX q?2M
BKTH2K2Mi2/ rBi? iQKB+ +QmMiBM; bQ`i- i?Bb T`Q/m+2b i?2
S"J b  #v@T`Q/m+i Q7 i?2 M2B;?#Qm` /i ``v bQ`i
(j)X h?2 iBK2 +QKTH2tBiv Q7 +QMbi`m+iBQM Bb `2/m+2/ iQ
+QMbiMi@iBK2 (ky- kR)X
hQ ++2bb /i HQ+i2/ rBi?BM i?2 `/BH M2B;?#Qm`?QQ/
Q7  TQbBiBQM- i?2 TQbBiBQMǶb +QMiBMBM; 2MpB`QMK2Mi #BM Bb
B/2MiB}2/ M/ HH M2B;?#Qm` /i biQ`2/ rBi?BM i?2 #BMb Q7
i?2 BM+HmbBp2 JQQ`2 M2B;?#Qm`?QQ/ `2 i?2M Bi2`i2/X b
b?QrM BM 6B;m`2 R- QMHv i?Qb2 rBi?  TQbBiBQM BMbB/2 i?2
`/BH M2B;?#Qm`?QQ/ `2 +QMbB/2`2/ #v i?2 bBKmHiBQMX AM
irQ /BK2MbBQMb i?Bb K2Mb i?i M2B;?#Qm` /i rBi?BM 
bTiBH `2 kX3et H`;2` i?M `2[mB`2/ Uk. M2B;?#Qm`?QQ/
`2, πR2- k. JQQ`2 M2B;?#Qm`?QQ/ `2, (3R)2V `2 +@
+2bb2/X AM i?`22 /BK2MbBQMb i?Bb BM+`2b2b iQ eX98t Uj.
M2B;?#Qm`?QQ/ pQHmK2, 4
3
πR3- j. JQQ`2 M2B;?#Qm`?QQ/
pQHmK2, (3R)3VX h?mb- BM #Qi? k. M/ j. 2MpB`QMK2Mib
i?2 KDQ`Biv Q7 K2KQ`v ++2bb2b +M #2 bbmK2/ iQ #2
`2/mM/MiX
kXkX _2Hi2/ _2b2`+?
_2b2`+? `2;`/BM; i?2 laS /i bi`m+im`2 ?b T`BK`@
BHv +QMbB/2`2/ BKT`Qp2K2Mib iQ i?2 [m2`vX h?Bb +M #2
+QMbB/2`2/ b  `2bmHi Q7 i?2 `2HiBp2Hv HQr +Qbi Q7 +QM@
bi`m+iBQM BM KQbi TTHB+iBQMb- rBi? `2bT2+i iQ i?2 [m2`v
iBK2X Pi?2` /i bi`m+im`2b bm+? b ǵM2B;?#Qm`?QQ/ ;`B/Ƕ
M/ o2`H2i HBbib ?p2 #22M T`QTQb2/ M/ mb2/- ?Qr2p2`-
i?2 laS /i bi`m+im`2 `2KBMb KQbi T2`7Q`KMi 7Q` :Sl
?`/r`2X
:QbrKB 2i H r2`2 #H2 iQ BKT`Qp2 i?2 T2`7Q`KM+2
Q7 :Sl 6_LL [m2`B2b /m`BM; aS> QM :Slb (R)X h?2v
/Dmbi2/ i?2 BM/2tBM; Q7 i?2 #BMb- r?B+? i?2 2MpB`QMK2Mi
Bb bm#/BpB/2/ BMiQ- bQ i?i i?2v `2 BM/2t2/ ++Q`/BM; iQ 
w@Q`/2` bT+2@}HHBM; +m`p2 UHbQ FMQrM b  JQ`iQM +Q/2VX
h?2 bT+2@}HHBM; +m`p2 KTb KmHiB@/BK2MbBQMH /i BMiQ 
bBM;H2 /BK2MbBQM r?BHbi T`2b2`pBM; ;`2i2` bTiBH HQ+HBiv
i?M `2;mH` HBM2` BM/2tBM;X h?Bb +`2i2b TQr2`@Q7@irQ
HB;M2/ b[m`2 ;`B/b Q7 #BMb- rBi? +QMiB;mQmb w@BM/B+2b-
bm+? i?i #BMb +QMiBMBM; M2B;?#Qm` /i `2 biQ`2/ BM 
KQ`2 bTiBHHv +Q?2`2Mi Q`/2`X h?Bb //BiBQMH HQ+HBiv BM@
i2M/b iQ 2Mbm`2 i?i KQ`2 M2B;?#Qm`?QQ/b +QMbBbi Q7 +QM@
iB;mQmb #HQ+Fb Q7 K2KQ`v- bm+? i?i bm`THmb /i BM ++?2
HBM2b Bb KQ`2 HBF2Hv iQ #2 `2[mB`2/ BM bm#b2[m2Mi `2[m2bib-
`2/m+BM; //BiBQMH Hi2M+v +mb2/ #v ++?2 2pB+iBQMbX
aBKBH`Hv- i?2 J"1_:SlKQH2+mH` /vMKB+b iQQHFBi-
b /2b+`B#2/ #v aHQKQM@62``2` 2i H (RN)- mb2b T`iB+H2
bQ`iBM; rBi?BM #BMb ++Q`/BM; iQ  9t9t9 >BH#2`i bT+2@
}HHBM; +m`p2 BM Q`/2` iQ +H+mHi2 i?2 7Q`+2b #2ir22M KQ@
H2+mH2b /m`BM; bBKmHiBQMX AM //BiBQM iQ TQbbB#H2 #2M2}ib
Q7 bTiBH HQ+HBiv- i?Bb HHQrb i?2K iQ 2ti2M/ i?2 M2B;?@
#Qm`?QQ/ +mi Qz- `2/m+BM; i?2 [mMiBiv Q7 `2/mM/Mi +@
+2bb2b iQ M2B;?#Qm`?QQ/ /iX h?2B` `2b2`+? /Q2b MQi
//`2bb i?2 BKTH2K2MiiBQM Q` T2`7Q`KM+2 BKT+i Q7 i?Bb
QTiBKBbiBQM BM/2T2M/2MiHvX am#/BpB/BM; #BMb BMiQ  7m`@
i?2` e9 bm#@#BMb Kv QMHv #2 pB#H2 7Q` /2MbBiB2b r?2`2 i?2
bm#@#BM Q++mTM+v `2KBMb +HQb2 iQ RX
>QM;vm 2i H QTiBKBb2/ i?2 `2+QMbi`m+iBQM Q7 i?2 /i
bi`m+im`2 #v /2p2HQTBM;  MQp2H bQ`iBM; i2+?MB[m2 i?i iF2b
/pMi;2 Q7 i?2 FMQrH2/;2 i?i T`iB+H2b +M QMHv KQp2
iQ M2B;?#Qm`BM; #BMb- miBHBbBM;  T`2}t bmK Q7 i?2 +?M;2b
iQ 2+? #BMǶb +T+Biv (9)X h?2v r2`2 #H2 iQ BKT`Qp2
T2`7Q`KM+2 BM  bKHH aS> bBKmHiBQM Q7 3RNk T`iB+H2b
rBi?BM  163 ;`B/X >Qr2p2`- Qp2`HH T2`7Q`KM+2 rb 2[mH
iQ i?i Q7 i?2B` BMBiBH mMQTiBKBb2/ `2+QMbi`m+iBQM r?2M
TTHB2/ iQ H`;2` bBKmHiBQMbX a2+iBQM 8 b?Qrb ?Qr BM H`@
;2` bBKmHiBQMb i?2 +QMbi`m+iBQM iBK2 Bb  bKHH 7`+iBQM
Q7 i?i `2[mB`2/ 7Q` i?2 6_LL [m2`vX b bm+?- QTiBKBb@
iBQM 2zQ`ib i`;2iBM; i?2 [m2`v T`Q+2bb `2 HBF2Hv iQ ?p2
 ;`2i2` Qp2`HH BKT+iX
S`2pBQmbHv- >Q2ixH2BM `2TH+2/ _/Bt bQ`i rBi? UiQKB+V
+QmMiBM; bQ`i (j) rBi?BM i?2 +QMbi`m+iBQM Q7 i?2 laS /i
bi`m+im`2X h?Bb bB;MB}+MiHv bBKTHB}2/ i?2 +QMbi`m+iBQM
Q7 :`22MǶb Q`B;BMH BKTH2K2MiiBQM (kk) #v `2/m+BM; i?2
MmK#2` Q7 +QMbi`m+iBQM F2`M2H HmM+?2b 7`QK Rk iQ RX h?Bb
QTiBKBbiBQM ;`2iHv BKT`Qp2/ i?2 T2`7Q`KM+2 #v `QmM/
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RX8@3t U7Q` p`BQmb TQTmHiBQM bBx2bVX JQ`2 `2+2Mi :Sl `@
+?Bi2+im`2b ?p2 BKT`Qp2/ i?2 T2`7Q`KM+2 Q7 iQKB+ QT@
2`iBQMb i  ?`/r`2 H2p2H (kj)- r?B+? ?b HBF2Hv 7m`i?2`
BKT`Qp2/ i?2 i2+?MB[m2X
o2`H2i HBbib ?p2 HbQ #22M mb2/ b  TQi2MiBH QTiBKBb@
iBQM- HHQrBM;  HBbi Q7 M2B;?#Qm`b rBi?BM i?2 `/BH b2`+?
`2 iQ #2 biQ`2/ T2` +iQ` (k9)X >Qr2p2`- i?Bb i2+?MB[m2
`2HB2b QM M //BiBQMH bi2T QM iQT Q7 laS M/ 6_LL
b2`+? iQ T`Q/m+2 i?2 /i@bi`m+im`2 (k8)X Pi?2` +QMbi`m+@
iBQM H;Q`Bi?Kb ?p2 HbQ #22M T`QTQb2/ (ke)X 6m`i?2`@
KQ`2- i?2 T`BK`v pHm2 Q7 p2`H2i HBbib HB2b BM `2/m+BM; i?2
M22/ iQ `2T2`7Q`K i?2 M2B;?#Qm` HBbi +QMbi`m+iBQM- QMHv
2tTB`BM;  M2B;?#Qm` HBbi r?2M i?2 +2Mi`H +iQ` KQp2b
 b2i /BbiM+2X h?2`27Q`2- i?2 +Qbi Q7 mbBM; p2`H2i HBbib
Bb ?B;?Hv /2T2M/2Mi QM i?2 7`2[m2M+v Q7 HBbi `2+QMbi`m+@
iBQMb `2[mB`2/X //BiBQMHHv- biQ`;2 Q7 T2`@;2Mi M2B;?@
#Qm` HBbib rBHH BM~i2 K2KQ`v `2[mB`2K2Mib- bB;MB}+MiHv
BM KQ/2Hb rBi? i?2 KQbi TQTmHQmb M2B;?#Qm`?QQ/bX h?Bb
HBKBib i?2 TTHB+#BHBiv Q7 p2`H2i HBbib iQ bvbi2Kb Q7 #Qi?
HQr 2Mi`QTv M/ b+H2 (kd)X
CQb2HHB 2i H /2b+`B#2/  MQp2H /i bi`m+im`2 i?2v +HH2/
M2B;?#Qm`?QQ/ ;`B/- BMbTB`2/ #v laS (k3)X h?2B` /i
bi`m+im`2- /2bB;M2/ 7Q` aS>- BMbi2/ bbB;Mb 2+? T`iB+H2
iQ  mMB[m2 #BM- `i?2` i?M HHQrBM; KmHiBTH2 T`iB+H2b iQ
b?`2 2+? #BMX h?Bb #BMMBM; bvbi2K BMbi2/ +`2i2b M T@
T`QtBKi2 bTiBH M2B;?#Qm`?QQ/ r?B+? +M #2 [m2`B2/ BM
+QMbiMi iBK2X h?Bb TT`QtBKi2 K2i?Q/ ?b #22M `2TQ`@
i2/ iQ BKT`Qp2 T2`7Q`KM+2 mT iQ Nt Qp2` 2t+i K2i?Q/b
#b2/ QM laS- #v 2Mbm`BM; M2B;?#Qm`?QQ/b `2  }t2/ ke
T`iB+H2b Ui?2 JQQ`2 M2B;?#Qm`?QQ/VX >Qr2p2`- i?2v `2
MQi b ;2M2`HHv TTHB+#H2 Q` ++m`i2 b 6_LL b2`+?-
/m2 iQ i?2 }t2/ M2B;?#Qm`?QQ/ pQHmK2bX
h?2 `2b2`+? BM i?Bb b2+iBQM ?b /2KQMbi`i2/ M QT@
TQ`imMBiv 7Q` BKT`Qp2/ [m2`v T2`7Q`KM+2 7Q`  KQ`2 ;2M@
2`H +b2 Q7 6_LL b2`+?- i?`Qm;? BKT`QpBM; ++2bb2b iQ
#BMb M/ `2/m+iBQM Q7 K2bb;2 ++2bb2bX
jX AMMQpiBQMb
h?Bb TT2` T`2b2Mib irQ BM/2T2M/2Mi i2+?MB[m2b T@
THB+#H2 iQ 6_LL [m2`B2b QM :Slb mbBM; i?2 laS /i
bi`m+im`2X q2 `272` iQ i?2b2 b ai`BTb M/ S`QTQ`iBQMH
"BM qB/i?X ai`BTb `2/m+2b i?2 +Qbi Q7 #BM ++2bb2b /m`BM;
i?2 6_LL [m2`v M/ i?2 S`QTQ`iBQMH "BM qB/i? i2+?@
MB[m2 `2/m+2b `2/mM/Mi K2KQ`v ++2bb2b rBi?BM 6_LL
[m2`B2bX h?2b2 irQ QTiBKBbiBQMb +M HbQ #2 +QK#BM2/
iQ 2M#H2 i?2 #2M2}ib Q7 #Qi? i2+?MB[m2b bBKmHiM2QmbHvX
a2+iBQM jXR 7Q+mb2b QM ai`BTbX a2+iBQM jXk 7Q+mb2b QM S`Q@
TQ`iBQMH "BM qB/i?X a2+iBQM jXj 7Q+mb2b QM i?2 +QK#BM2/
i2+?MB[m2X
jXRX ai`BTb
h?2 ai`BTb QTiBKBbiBQM i`;2ib `2/mM/Mi #BM +?M;2b-
`2KQpBM; +QMbiMi iBK2 QT2`iBQMb r?B+? +QMi`B#mi2 iQ
Hi2M+v /m`BM; i?2 [m2`vǶb :Sl F2`M2HǶb 2t2+miBQMX AM k
/BK2MbBQMb- i?2 JQQ`2 M2B;?#Qm`?QQ/ Q7  [m2`vǶb Q`B;BMǶb
+QMiBMBM; #BM +QMbBbib Q7  jtj #HQ+F Q7 #BMbX h?2b2 MBM2
#BMb 2tBbi b i?`22 bi`BTb Q7 i?`22 #BMb- r?2`2 2+? bi`BTǶb
biQ`;2 2tBbib +QMiB;mQmbHv BM K2KQ`vX AM j /BK2MbBQMb-
i?2 kd #BM JQQ`2 M2B;?#Qm`?QQ/- Bb 7Q`K2/ Q7 MBM2 bi`BTb
Q7 i?`22 #BMbX qBi?BM  bi`BT- QMHv i?2 }`bi #BMǶb bi`i BM@
/2t M/ i?2 Hbi #BMǶb 2M/ BM/2t M22/ iQ #2 HQ/2/ 7`QK
i?2 S"J iQ B/2MiB7v i?2 `M;2 rBi?BM i?2 M2B;?#Qm` /i
``v i?i +QMiBMb i?2 M2B;?#Qm` /i 7`QK 2+? Q7 i?2
bi`BTǶb #BMbX h?Bb QTiBKBbiBQM QMHv z2+ib ?Qr #BMb `2
++2bb2/- H2pBM; i?2 /i bi`m+im`2 /2b+`B#2/ BM a2+iBQM k
mM+?M;2/X
AM i?2 2tKTH2 b?QrM BM 6B;m`2 R- 2+? `Qr Q7 i?2
JQQ`2 M2B;?#Qm`?QQ/ rQmH/ #2+QK2  bi`BT- BX2X #BMb R@j-
8@d M/ N@RR rQmH/ #2 i`2i2/ b bi`BTbX
h?2 aAJh `+?Bi2+im`2 Q7 :Slb pQB/b /Bp2`;2M+2 #2ir22M
i?`2/b BM 2+? bvM+?`QMQmb i?`2/ ;`QmT Ur`TVX h?2`2@
7Q`2 Bi Bb bbmK2/ i?i r?2M i?`2/b rBi?BM i?2 bK2 r`T
`2 ++2bbBM; /Bz2`2Mi #BMb- r?B+? rBHH KQbi Q7i2M ?p2 /B7@
72`BM; bBx2b- HH i?`2/b rBi?BM i?2 r`T Kmbi rBi 7Q` i?2
i?`2/ ++2bbBM; i?2 H`;2bi #BM iQ +QKTH2i2 #27Q`2 +QM@
iBMmBM; iQ i?2 M2ti #BMX "v K2`;BM; +QMiB;mQmb #BMb i?2
ai`BTb QTiBKBbiBQM `2/m+2b i?2 MmK#2` Q7 i?2b2 BKTHB+Bi
bvM+?`QMBbiBQM TQBMibX
//BiBQMHHv- i?2 mb2 Q7 ai`BTb +M QMHv `2/m+2 i?2 iQiH
/Bz2`2M+2 #2ir22M i?`2/b rBi? i?2 H2bi M/ KQbi K2b@
b;2b `2/ T2` r`T- ?2M+2 `2/m+BM; i?2 [mMiBiv M/ /m`@
iBQM Q7 B/H2 i?`2/bX Ai Bb MQi TQbbB#H2 7Q` i?2 iQiH /Bz2`@
2M+2 iQ BM+`2b2 mM/2` i?Bb QTiBKBbiBQMX
H;Q`Bi?K R Sb2m/Q@+Q/2 b?QrBM; i?2 6_LL b2`+?Ƕb
[m2`v H;Q`Bi?K #27Q`2 QTiBKBbiBQM 7Q`  irQ /BK2MbBQMH
2MpB`QMK2MiX
p2+iQ`kB #bQHmi2"BM 4 ;2i"BMSQbBiBQMUQ`B;BMV
HQQT @RI4`2HiBp2"BMXtI4R,
HQQT @RI4`2HiBp2"BMXvI4R,
b2H2+i2/"BM 4 #bQHmi2"BM Y `2HiBp2"BM
B7 b2H2+i2/"BM Bb pHB/,
?b? 4 #BMhQ>b?Ub2H2+i2/"BMV
HQQT B BM `M;2US"J(?b?)-S"J(?b? Y R)V,
?M/H2UM2B;?#Qm`.i(B)V
H;Q`Bi?K k Sb2m/Q@+Q/2 b?QrBM; i?2 ai`BTb QTiBKBb@
iBQM TTHB2/ iQ i?2 [m2`v QT2`iBQM 7Q`  irQ /BK2MbBQMH
2MpB`QMK2MiX
p2+iQ`kB #bQHmi2"BM 4 ;2i"BMSQbBiBQMUQ`B;BMV
HQQT @RI4`2HiBp2ai`BT I4R,
bi`i"BM 4 #bQHmi2"BM Y p2+iQ`kBU@R- `2HiBp2ai`BTV
2M/"BM 4 #bQHmi2"BM Y p2+iQ`kBUR- `2HiBp2ai`BTV
bi`i"BM 4 +HKThQoHB/Ubi`i"BMV
2M/"BM 4 +HKThQoHB/U2M/"BMV
bi`i>b? 4 #BMhQ>b?Ubi`i"BMV
2M/>b? 4 #BMhQ>b?U2M/"BMV
HQQT B BM `M;2US"J(bi`i>b?)-S"J(2M/>b? Y R)V,
?M/H2UM2B;?#Qm`.i(B)V
h?Bb QTiBKBbiBQM 2bb2MiBHHv `2KQp2b irQ #BM +?M;2b
7`QK 2p2`v +2Mi`H bi`BT M/ QM2 7`QK 2p2`v #QmM/`v
bi`BTX h?Bb Q++m`b i?`22 iBK2b T2` M2B;?#Qm`?QQ/ BM irQ
/BK2MbBQMb M/ MBM2 iBK2b BM i?`22 /BK2MbBQMbX h?2`27Q`2
i?2 QTiBKBbiBQM T`QpB/2b  M2` +QMbiMi iBK2 bT22/ mT
i?`Qm;? `2KQpH Q7 +Q/2- `2Hi2/ iQ i?2 T`Q#H2K /BK2M@
bBQMHBiv M/ MmK#2` Q7 bBKmHiM2Qmb i?`2/bX //BiBQM@
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(3R)2 vs (2.5R)2
6B;m`2 k, oBbmH `2T`2b2MiiBQM Q7 ?Qr /Bz2`2Mi #BM rB/i?b `2[mB`2
/Bz2`2Mi b2`+? `2b iQ +Qp2` i?2 r?QH2 `/BH M2B;?#Qm`?QQ/X
HHv- i?2 `2KQpH Q7 i?2 #BM brBi+?2b- b /Bb+mbb2/ #Qp2- Bb
HBF2Hv iQ `2/m+2 #`M+? /Bp2`;2M+2- r?2`2#v i?`2/b rBi?BM
i?2 bK2 r`T `2 QT2`iBM; QM /Bz2`2MiHv bBx2/ #BMb M/
?2M+2 rQmH/ +?M;2 #BMb i /Bz2`2Mi iBK2bX H;Q`Bi?K R
b?Qrb Tbm2/Q@+Q/2 7Q` i?2 Q`B;BMH 6_LL b2`+?Ƕb [m2`v
i2+?MB[m2 T`BQ` iQ QTiBKBbiBQM M/ H;Q`Bi?K k 7i2` i?2
ai`BTb QTiBKBbiBQM ?b #22M TTHB2/- `2KQpBM; QM2 Q7 i?2
HQQTb M/ BMi`Q/m+BM; M //BiBQMH #QmM/b +?2+FX
jXkX S`QTQ`iBQMH "BM qB/i?b
aiM/`/ BKTH2K2MiiBQMb Q7 laS bm#/BpB/2 i?2 2M@
pB`QMK2Mi BMiQ #BMb rBi?  rB/i? 2[mH iQ i?i Q7 i?2 `@
/BH b2`+? `/BmbX h?Bb /2+BbBQM 2Mbm`2b i?i HH `/BH
M2B;?#Qm`b rBHH #2 ;m`Mi22/ iQ #2 7QmM/ BM i?2 bK2 Q`
bm``QmM/BM; #BMb Q7 i?2 [m2`vǶb Q`B;BMX h?Bb Bb `272``2/
iQ b i?2 JQQ`2 M2B;?#Qm`?QQ/X h?2 BKTHB+iBQM Q7 i?Bb
/2+BbBQM Bb i?i KMv bm`THmb K2bb;2b QmibB/2 Q7 i?2 `@
/BH M2B;?#Qm`?QQ/ Kmbi #2 ++2bb2/X AM k. i?2 JQQ`2
M2B;?#Qm`?QQ/ ++2bb2/ Bb kX3et i?i Q7 i?2 `/BH M2B;?@
#Qm`?QQ/X AM j. i?Bb #2+QK2b eX98tX
"v /DmbiBM; i?2 rB/i? Q7 i?2 #BMb `2HiBp2 iQ i?2 M2B;?@
#Qm`?QQ/ `/Bmb- i?2 MmK#2` Q7 #BMb i?i Kmbi #2 ++2bb2/
UiQ 2Mbm`2 i?2 2MiB`2 `/BH M2B;?#Qm`?QQ/ Bb +Qp2`2/V M/
i?2 pQHmK2 Q7 BM/BpB/mH #BMb +?M;2X h?mb i?2 iQiH UM/
bm`THmbV `2 Q7 i?2 2MpB`QMK2Mi ++2bb2/ HbQ +?M;2bX
6B;m`2 k T`QpB/2b M 2tKTH2 Q7 ?Qr Hi2`Mi2 T`QTQ`@
iBQMH #BM rB/i?b +?M;2 i?2b2 pHm2bX
>Q2ixH2BM (j) K2MiBQM2/  bBKBH` QTiBKBbiBQM BM ?Bb
rQ`F- ?Qr2p2`- ?2 /B/ MQi bm;;2bi M QTiBKH T`QTQ`iBQM-
QMHv +QMbB/2`BM; i?2 i`/2@Qz #2ir22M #BM pQHmK2 M/ #BMb
T2` [m2`vX Pm` +H+mHiBQMb ;Bp2  rB/2` +QMbB/2`iBQM Q7
i?2 i?2Q`2iB+H BKT+i Q7 /DmbiBM; i?2 T`QTQ`iBQMH #BM
rB/i?bX
h?2 KBM UagV M/ Kt UaGV ;`B/ `2b Q7 ++2bb mM/2`Mv T`QTQ`iBQMH #BM rB/i? BM k /BK2MbBQMb +M #2 +H+m@
Hi2/ mbBM; 2[miBQMb R  k- r?2`2 R Bb i?2 +?Qb2M b2`+?
`/Bmb M/ W i?2 #bQHmi2 #BM rB/i?X
ag =
⌈2R
W
⌉2
W2 URV
aG =
(⌈2R
W
⌉
+ 1
)2
W2 UkV
S`QTQ`iBQMH "BM qB/i? R yXd yX8
JBM :`B/ `2 UagV 9 9X9R 9
Jt :`B/ `2 UaGV N dXN9 eXk8
p2`;2 :`B/ `2 UaaV N 9X39 eXk8
"BM *QmMi Jt U(⌈ 2R
W
⌉
+ 1
)2V N Re ke
ai`BT *QmMi Jt U⌈ 2R
W
⌉
+ 1V j 9 8
Jt am`THmb JmHiX U aG
ar
V kX3e kX8y RXNN
p2`;2 am`THmb JmHiX U aa
ar
V kX3e RX89 RXNN
h#H2 R, h?Bb i#H2 T`QpB/2b M 2tKTH2 Q7 i?2 p`B#BHBiv #v +?M@
;BM; i?2 #BM rB/i? b  T`QTQ`iBQM Q7 i?2 b2`+? `/Bmb Q7 R UrBi? 
+Q``2bTQM/BM; `/BH b2`+? `2 Q7 jXR9V BM k.X h?2b2 pHm2b +M #2
+H+mHi2/ mbBM; 1[miBQMb R iQ 9X
"v //BiBQMHHv +H+mHiBM; i?2 T`QTQ`iBQM rBi?BM i?2
KBM ;`B/ `2 UpV M/ Kt ;`B/ `2 Up′V- BM  R /BK2M@
bBQMH BKTH2K2MiiBQM- 1[miBQM 9 +M #2 mb2/ iQ +H+mHi2
i?2 p2`;2 ;`B/ `2 ++2bb UaaVX
p =
2R −
⌊
2R
W
⌋
W
W
p′ = 1 − pm
UjV
aa = p
2ag + 2pp
′ √ag
√
aG + p
′2aG U9V
.BpB/BM; #v i?2 `/BH M2B;?#Qm`?QQ/ `2 UarV i?2MT`QpB/2b i?2 bm`THmb KmHiBTHB2`- r?B+? /2MQi2b i?2 b2`+?
;`B/Ƕb `2 `2HiBp2 iQ i?2 `/BH M2B;?#Qm`?QQ/ `2X h?Bb
`2T`2b2Mib i?2 H2p2H Q7 `2/mM/Mi K2KQ`v ++2bb r?2`2
/i Bb mMB7Q`KHv /Bbi`B#mi2/X
ar = πR
2 U8V
h#H2 R T`QpB/2b  /2KQMbi`iBQM Q7 i?2 #Qp2 2[m@
iBQMb R@8 TTHB2/ iQ b2p2`H /Bz2`BM; T`QTQ`iBQMH #BM rB/i?bX
6m`i?2`KQ`2- i?2b2 2[miBQMb +M #2 2ti2M/2/ iQ j /B@
K2MbBQMb Q` KQ`2- b `2[mB`2/- b i?2v `2 +QMbi`m+i2/
7`QK i?2 R@/BK2MbBQMH Ki?2KiB+b bm``QmM/BM; i?2 `@
/BH `2 Uk_V /BpB/2/ #v i?2 #BM rB/i? UqVX
aQK2 #BM rB/i?b H2/ iQ /Bz2`2Mi #BM +QmMib /2T2M/2Mi
QM i?2 [m2`v Q`B;BMǶb TQbBiBQM rBi?BM Bib QrM #BM Ub22 6B;@
m`2 j- r?2`2 i?2 [m2`v Q`B;BM +M H2/ iQ 2Bi?2`  b[m`2
Q` `2+iM;mH` b2`+? ;`B/VX .m2 iQ i?2 aAJh `+?Bi2+im`2
Q7 i?2 :Sl- HH jk i?`2/b Q7 2+? r`T rBHH bi2T i?`Qm;?
i?2 KtBKmK MmK#2` Q7 #BMb Mv BM/BpB/mH i?`2/ rBi?BM
i?2 r`T `2[mB`2b- Hi?Qm;? i?Bb Kv H2/ iQ bQK2 i?`2/b
`2KBMBM; B/H2 i?`Qm;? Hi2` #BMbX aBKBH`Hv- Bi Bb 2tT2+i2/
i?i i?`2/b T`Q+2bbBM; bm`THmb K2bb;2b Ur?B+? /Q MQi
`2[mB`2 ?M/HBM; #v i?2 KQ/2HV- rBHH BM+m`  `mMiBK2 +Qbi
bBKBH` iQ i?i Q7 i?2 /2bB`2/ K2bb;2b r?B+? `2 HBF2Hv iQ
BM+m` //BiBQMH +QKTmi2X
aQK2 +QK#BMiBQMb Q7 T`QTQ`iBQMH #BM rB/i? M/ [m2`v
Q`B;BM /Q T2`KBi 7Q` +Q`M2`b Q7 JQQ`2 M2B;?#Qm`?QQ/b iQ
#2 bFBTT2/- b i?2v /QMǶi BMi2`b2+i rBi? i?2 `/BH M2B;?@
#Qm`?QQ/ Ua22 6B;m`2 9VX MHvbBb bm;;2bib i?i BM KQbi
+b2b i?2 //BiBQMH +QKTmi2 M2+2bb`v iQ /2i2+i M/ bFBT
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6B;m`2 j, oBbmH `2T`2b2MiiBQM Q7 ?Qr mM/2` bQK2 #BM rB/i?b i?2
[m2`v Q`B;BM z2+ib i?2 bBx2 Q7 i?2 `2[mB`2/ b2`+? `2 iQ +Qp2` i?2
r?QH2 `/BH M2B;?#Qm`?QQ/X R /2MQi2b i?2 M2B;?#Qm`?QQ/ `/BmbX
R
R
R
R
6B;m`2 9, oBbmH `2T`2b2MiiBQM Q7 ?Qr- mM/2` bQK2 #BM rB/i?b M/
b2`+? Q`B;BMb- +Q`M2` #BMb /Q MQi Hrvb M22/ iQ #2 ++2bb2/X R
/2MQi2b i?2 b2`+? `/BmbX
i?2 72r `2/mM/Mi +Q`M2` #BMb rQmH/ BM+m`  T`Q?B#BiBp2
`mMiBK2 +Qbi- Qmir2B;?BM; Mv T2`7Q`KM+2 bpBM;bX
a2+iBQM jXR /2KQMbi`i2/ i?i i?2`2 Bb  +Qbi iQ BM/B@
pB/mH #BM ++2bb2bX h?2 ai`BTb i2+?MB[m2 Bb #Qmi QTiBK@
BbBM; i?2 i`/2@Qz #2ir22M `2/mM/Mi `2 ++2bb2/ M/
iQiH #BMb ++2bb2/X h?2 `2KQpH Q7 W2 7`QK 2[miBQMb
R  k- iQ +H+mHi2 KBM UagV M/ Kt UaGV `2 +M #2mb2/ iQ +H+mHi2 i?2 MmK#2` Q7 #BMbX aBKBH`Hv- iFBM;
i?2 b[m`2 `QQi Q7 i?2b2 pHm2b T`QpB/2b i?2 MmK#2` Q7
ai`BTb- 7QHHQrBM; i?2 QTiBKBbiBQM 7`QK a2+iBQM jXRX
 7m`i?2` +QMbB/2`iBQM Q7 BM+`2bBM; i?2 MmK#2` Q7
#BMb Bb i?i i?Bb H2/b iQ  H`;2` T`iBiBQM #QmM/`v Ki@
`BtX h?Bb #Qi? `2[mB`2b KQ`2 K2KQ`v 7Q` biQ`;2 M/ BM@
+`2b2b +QMbi`m+iBQM iBK2X h?2b2 BKT+ib `2 +QMbB/2`2/
7m`i?2` BM a2+iBQMb 8 M/ eX
H;Q`Bi?K j Sb2m/Q@+Q/2 b?QrBM; i?2 S`QTQ`iBQMH "BM
qB/i? QTiBKBbiBQM TTHB2/ iQ i?2 [m2`v QT2`iBQM 7Q` 
irQ /BK2MbBQMH 2MpB`QMK2MiX
p2+iQ`kB #BMJBM 4 ;2i"BMSQbBiBQMUQ`B;BM @ `/BmbV
p2+iQ`kB #BMJt 4 ;2i"BMSQbBiBQMUQ`B;BM Y `/BmbV
HQQT #BMJBMXtI4b2H2+i2/"BMXtI4#BMJtXt,
HQQT #BMJBMXvI4b2H2+i2/"BMXvI4#BMJtXv,
?b? 4 #BMhQ>b?Ub2H2+i2/"BMV
HQQT B BM `M;2US"J(?b?)-S"J(?b? Y R)V,
?M/H2UM2B;?#Qm`.i(B)V
H;Q`Bi?K j /2KQMbi`i2b ?Qr i?2 S`QTQ`iBQMH "BM
qB/i? QTiBKBbiBQM Kv #2 TTHB2/ #v Hi2`BM; i?2 b2H2+@
iBQM Q7 #BMb Bi2`i2/- BM +QMi`bi iQ i?i Q7 H;Q`Bi?K RX
Ai +M #2 b22M i?i BM i?2 k. 2tKTH2 i?2 M2bi2/ HQQT
+?M;2b 7`QK Bi2`iBM;  jtj JQQ`2 M2B;?#Qm`?QQ/ iQ M
LtJ JQQ`2 M2B;?#Qm`?QQ/X h?2 2t+i pHm2b Q7 L M/ J
`2 /2T2M/2Mi QM i?2 pHm2b `2im`M2/ #v ;2i"BMSQbBiBQMUV-
r?B+? +HKTb i?2 +QMiBMmQmb bT+2 +QQ`/BMi2b iQ rBi?BM
i?2 2MpB`QMK2Mi #QmM/b M/ i?2M `2im`Mb i?2 +QMiBMBM;
/Bb+`2i2 #BM +QQ`/BMi2bX
jXjX *QK#BM2/ h2+?MB[m2
h?2 irQ QTiBKBbiBQM i2+?MB[m2b /2b+`B#2/ BM b2+iBQMb
jXR M/ jXk +M #2 +QK#BM2/- HHQrBM; i?2 ai`BTb QTiBKBb@
iBQM iQ `2/m+2 i?2 BKT+i Q7 #BM +?M;2b mM/2` i?2 S`QTQ`@
iBQMH "BM qB/i?Ƕb QTiBKBbiBQMX h?Bb Bb BKTQ`iMi- b i?2
+i Q7 /2+`2bBM; i?2 T`QTQ`iBQMH #BM rB/i? /2+`2b2b i?2
pQHmK2 Q7 #BMb- ?2M+2 KQbi Q7i2M BM+`2bBM; i?2 MmK#2` Q7
#BMb iQ #2 ++2bb2/X
H;Q`Bi?K 9 Sb2m/Q@+Q/2 b?QrBM; i?2 +QK#BM2/ QTiBK@
BbiBQM TTHB2/ iQ i?2 [m2`v QT2`iBQM 7Q`  irQ /BK2M@
bBQMH 2MpB`QMK2MiX
p2+iQ`kB #BMJBM 4 ;2i"BMSQbBiBQMUQ`B;BM @ `/BmbV
p2+iQ`kB #BMJt 4 ;2i"BMSQbBiBQMUQ`B;BM Y `/BmbV
HQQT #BMJBMXvI4bi`BTI4#BMJtXv,
bi`i"BM 4 p2+iQ`kBU#BMJBMXt- bi`BTV
2M/"BM 4 p2+iQ`kBU#BMJtXt- bi`BTV
bi`i>b? 4 #BMhQ>b?Ubi`i"BMV
2M/>b? 4 #BMhQ>b?U2M/"BMV
HQQT B BM `M;2US"J(bi`i>b?)-S"J(2M/>b? Y R)V,
?M/H2UM2B;?#Qm`.i(B)V
H;Q`Bi?K 9- /2KQMbi`i2b ?Qr H;Q`Bi?Kb k M/ j +M
#2 +QK#BM2/ iQ miBHBb2 i?2 #2M2}ib Q7 2+? QTiBKBbiBQM
bBKmHiM2QmbHv /m`BM; i?2 [m2`v QT2`iBQMX h?2 M2bi2/
HQQT Qp2` b2H2+i2/"BM 7`QK H;Q`Bi?K j ?b #22M `2TH+2/
#v i?2 bi`BT HQQT M/ pHB/iBQM 7`QK H;Q`Bi?K k
9X AKTH2K2MiiBQM
hQ /2KQMbi`i2 i?2 BKT+i Q7 i?2 QTiBKBbiBQM- Bi Bb
}`bi TTHB2/ iQ  bKHH biM/HQM2 BKTH2K2MiiBQM r?B+?
2M#H2b ;`2i2` }/2HBiv 7Q` MHvbBbX a2+QM/- Bi Bb TTHB2/
iQ 6GJ1:Sl iQ /2KQMbi`i2 ?Qr i?2 QTiBKBbiBQMb T@
THv iQ 2tBbiBM; KmHiB@;2Mi bBKmHiBQMbX h?2 `2KBM/2` Q7
i?Bb b2+iBQM /2iBHb i?2 BKTH2K2MiiBQM Q7 i?2 biM/HQM2
p2`bBQM- T`QpB/BM; 7m`i?2` +QMi2ti iQ };m`2 R UpBH#H2
QMHBM2RVX
9XRX *QMbi`m+iBQM
PMHv i?2 S`QTQ`iBQMH "BM qB/i? UM/ +QK#BM2/V QT@
iBKBbiBQMb BKT+i +QMbi`m+iBQMX h?2B` BKT+i Bb HBKBi2/
iQ z2+iBM; i?2 b+H2 Q7 i?2 2MpB`QMK2MiǶb bm#/BpBbBQM- bm#@
b2[m2MiHv BM+`2bBM; UQ` /2+`2bBM;V i?2 K2KQ`v 7QQiT`BMi
Q7 i?2 S`iBiBQM "QmM/`v Ji`Bt US"JVX
6B;m`2 R ?B;?HB;?ib ?Qr i?2 S"J +QMbBbib Q7  bBM;H2
mMbB;M2/ BMi2;2` ``v- rBi?  H2M;i? QM2 ;`2i2` i?M i?2
MmK#2` Q7 2MpB`QMK2MiH #BMb UNbins +1VX 1+? 2Mi`v BMiQ
R?iiTb,ff;Bi?m#X+QKf_Q#/Q#fbT@kyR3@y3
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i?2 ``v- 2t+2Ti 7Q` i?2 }MH 2Mi`v- B/2MiB}2b i?2 }`bi BM@
/2t Q7 i?2 +Q``2bTQM/BM; 2MpB`QMK2MiH #BMǶb K2bb;2b BM
i?2 M2B;?#Qm` /i ``vX h?2 }MH 2H2K2Mi Q7 i?2 ``v
/2MQi2b i?2 iQiH MmK#2` Q7 K2bb;2bX h?2 HvQmi Q7 i?2
S"J HHQrb i?2 #QmM/b Q7 M 2MpB`QMK2MiH #BMǶb /i
BM i?2 M2B;?#Qm` /i ``v iQ #2 B/2MiB}2/ #v ++2bbBM;
#Qi? i?2 BM/2t Q7 i?2 /2bB`2/ #BM M/ i?2 bm#b2[m2Mi BM/2t
rBi?BM i?2 S"JX
9XRXRX H;Q`Bi?K
6B`bi- M ``v Q7 2[mH H2M;i? iQ i?2 M2B;?#Qm` /i
``v Bb +`2i2/X AM i?Bb ``v- 2+? UbTiBHHv HQ+i2/V
K2bb;2 7`QK i?2 M2B;?#Qm` /i ``v ?b Bib +QMiBM@
BM; 2MpB`QMK2MiH #BMǶb BM/2t biQ`2/X 1[miBQM e +M #2
mb2/ iQ i`Mb7Q`K  bTiBH +QQ`/BMi2 HQ+i2/ rBi?BM i?2
2MpB`QMK2Mi iQ Bib +Q``2bTQM/BM; 2MpB`QMK2MiH #BMǶb +Q@
Q`/BMi2 UgridPosVX h?Bb +M i?2M #2 i`Mb7Q`K2/ iQ i?2
#BMǶb R@/BK2MbBQMH BM/2t mbBM; 2Bi?2` 2[miBQM d 7Q`  k.
2MpB`QMK2Mi- Q` 2[miBQM 3 7Q`  j. 2MpB`QMK2MiX
gridPos =
⌊
gridWidth
envPos
envWidth
⌋
UeV
gridId2D = (gridPosy ∗ gridWidthx) + gridPosx UdV
gridId3D = (gridPosz ∗ gridWidthy ∗ gridWidthx)
+ gridId2D
U3V
6B;m`2 8 BHHmbi`i2b ?Qr i?2 S"J Bb +QMbi`m+i2/ 7`QK
i?2 M2B;?#Qm` /i M/ M2B;?#Qm` #BM BM/2t ``vbX h?2
M2B;?#Qm` #BM BM/B+2b Kmbi #2 mb2/ iQ +H+mHi2 i?2 Qzb2i
Q7 2+? #BMǶb biQ`;2X h?Bb +M #2 +?B2p2/ #v }`bi T`Q@
/m+BM;  ?BbiQ;`K `2T`2b2MiBM; i?2 MmK#2` Q7 K2bb;2b
rBi?BM 2+? #BMX "Qi? BKTH2K2MiiBQMb miBHBb2 iQKB+ QT@
2`iBQMb iQ T`Q/m+2 i?Bb ?BbiQ;`K- b T`QTQb2/ #v >Q2i@
xH2BM (j)X h?2 ?BbiQ;`K Bb i?2M Tbb2/ iQ  T`BKBiBp2 b+M
mbBM; i?2 2t+HmbBp2 bmK QT2`iQ`X h?Bb 7mM+iBQMHBiv Bb
pBH#H2 rBi?BM HB#``B2b bm+? b *l" (kN)X 6Q` i?2 S"J
iQ #2 T`Q/m+2/ +Q``2+iHv- i?2 S"J Kmbi ?p2  H2M;i? QM2
;`2i2` i?M i?2 iQiH MmK#2` Q7 #BMb- bQ i?i i?2 }MH
pHm2 BM i?2 S"J /2MQi2b i?2 iQiH MmK#2` Q7 M2B;?#Qm`
/iX
6BMHHv- i?2 M2B;?#Qm` /i ``v Bb bQ`i2/- bQ i?i
M2B;?#Qm` /i `2 biQ`2/ BM Q`/2` Q7 i?2B` 2MpB`QMK2MiH
1 0 1121Bin Size Histogram
Prex Sum
10 22 4 5 6PBM

1

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z
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Data Array
Bin Index Identication
0 1 3 3 4 5Neighbour BinIndex Array
Histogram Generation
6B;m`2 8, h?2 ``vb mb2/ iQ ;2M2`i2  S"JX
#BM BM/B+2bX h?Bb +M #2 +?B2p2/ mbBM;  T`BKBiBp2 TB`
bQ`i- bm+? b i?i 7QmM/ rBi?BM *l" (kN)- M/  F2`M2H iQ
bm#b2[m2MiHv `2Q`/2` i?2 M2B;?#Qm` /iX
9XkX Zm2`v
q?BHbi i?2 M2B;?#Qm` /i 7`QK  bBM;H2 #BM +M #2
B/2MiB}2/ rBi? irQ ++2bb2b iQ i?2 S"J- iQ T2`7Q`K 
[m2`v  +QMiB;mQmb #HQ+F Q7 #BMb Kmbi #2 ++2bb2/X h?Bb
+QMiB;mQmb #HQ+F Q7 #BMb Kmbi BM+Hm/2 HH #BMb r?B+? Kv
BMi2`b2+i i?2 b2`+? `2X h?2 MmK#2` Q7 #BMb ++2bb2/
+M #2 +H+mHi2/ mbBM; 2[miBQM NX q?2M PBW = 1.0- 
jtjUtjV #HQ+F Q7 #BMb Kmbi #2 ++2bb2/- M/ r?2M PBW =
0.5-  8t8Ut8V #HQ+F Q7 #BMb Kmbi #2 ++2bb2/X
bins = (1 + 2
⌈ 1
PBW
⌉
)Dims UNV
9XkXRX H;Q`Bi?K
h?2 6_LL b2`+?Ƕb [m2`v H;Q`Bi?K +M #2 /2b+`B#2/
mbBM; i?2 Tbm2/Q+Q/2 BM H;Q`Bi?K 8- r?B+? +QK#BM2b i?2
2`HB2` H;Q`Bi?Kb k M/ jX 1+? :Sl i?`2/ QT2`i2b BM@
/2T2M/2MiHv- +QM+2`M2/ rBi? Bib QrM mMB[m2 6_LL [m2`vX
AM i?Bb irQ /BK2MbBQMH 2tKTH2 r2 HQQT Qp2` `2HiBp2ai`BT
r?B+? `2T`2b2Mib i?2 u tBb- i?2 `Qrb Q7 i?2 #HQ+F Q7 #BMbX
AM i?`22 /BK2MbBQMb i?Bb rQmH/ #2  M2bi2/ HQQT Qp2` i?2
u M/ w t2bX h?2 #bQHmi2 #BM +QQ`/BMi2 U#bQHmi2"BMV Bb
i?2M +QK#BM2/ rBi? `2HiBp2ai`BT M/ Qzb2i TQbBiBp2Hv M/
M2;iBp2Hv BM i?2 s tBb #v _.X h?Bb T`QpB/2b i?2 bi`i M/
2M/ +QQ`/BMi2b Q7 i?2 +m``2Mi bi`BT Q7 #BMb iQ #2 ++2bb2/X
h?2b2 pHm2b Kmbi #2 +HKT2/ rBi?BM  pHB/ `M;2 M/
i`Mb7Q`K2/ BMiQ R@/BK2MbBQMH #BM BM/B+2b UmbBM; 2[m@
iBQMb d Q` 3VX 7i2` i?Bb- i?2v +M #2 mb2/ iQ ++2bb i?2
S"J iQ B/2MiB7v i?2 `M;2 Q7 2H2K2Mib rBi?BM i?2 biQ`;2
``v i?i Kmbi #2 ++2bb2/X
H;Q`Bi?K 8 Sb2m/Q@+Q/2 b?QrBM; i?2 6_LL b2`+? H@
;Q`Bi?K #27Q`2 QTiBKBbiBQM 7Q`  irQ /BK2MbBQMH 2MpB`@
QMK2MiX
p2+iQ`kB #bQHmi2"BM 4 ;2i"BMSQbBiBQMUQ`B;BMV
mBMi _. 4 +2BHURXyfS"qV
HQQT @_.I4`2HiBp2ai`BT I4_.,
bi`i"BM 4 #bQHmi2"BM Y p2+iQ`kBU@_.- `2HiBp2ai`BTV
2M/"BM 4 #bQHmi2"BM Y p2+iQ`kBU_.- `2HiBp2ai`BTV
bi`i"BM 4 +HKThQoHB/Ubi`i"BMV
2M/"BM 4 +HKThQoHB/U2M/"BMV
bi`i>b? 4 #BMhQ>b?Ubi`i"BMV
2M/>b? 4 #BMhQ>b?U2M/"BMV
HQQT B BM `M;2US"J(bi`i>b?)-S"J(2M/>b? Y R)V,
?M/H2UM2B;?#Qm`.i(B)V
h?Bb H;Q`Bi?K ++2bb2b HH K2bb;2b rBi?BM TQi2MiBHHv
BMi2`b2+iBM; #BMbX h?2 HQ+iBQMb Q7 K2bb;2b Kmbi //B@
iBQMHHv #2 +QKT`2/ iQ QMHv ?M/H2 i?Qb2 r?B+? HB2 rBi?BM
i?2 `/BH `2 Q7 i?2 b2`+?Ƕb Q`B;BMX
6GJ1:SlǶb H;Q`Bi?K 7Q` ?M/HBM; #BM Bi2`iBQM Bb
BKTH2K2Mi2/ BM  /Bz2`2Mi rvX h?2 [m2`v bii2 Bb i`+F2/
M/ mT/i2/ 2+? iBK2  K2bb;2 Bb `2i`B2p2/X h?Bb BK@
TH2K2MiiBQM #bi`+ib i?2 #2?pBQm` 7`QK mb2`b- HHQr@
BM; i?2K iQ ++2bb 6_LL [m2`B2b rBi?BM i?2B` KQ/2H HQ;B+
mbBM;  bBM;H2 r?BH2 HQQTX .2bTBi2 i?2b2 /Bz2`2M+2b- i?2
+imH Q`/2` Q7 K2bb;2 ++2bb `2KBMb +QMbBbi2MiX
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hQ 2Mbm`2 KtBKH T2`7Q`KM+2 Q7 6_LL b2`+? [m2`@
B2b- Bi Bb M2+2bb`v iQ HBKBi i?2 F2`M2HǶb #HQ+F bBx2 iQ e9
i?`2/bX h?Bb KtBKBb2b ?`/r`2 miBHBbiBQM- r?BHbi `2@
/m+BM; i?2 MmK#2` Q7 i?`2/b `2KBMBM; B/H2- r?2`2 K2b@
b;2 /Bbi`B#miBQMb `2 MQi mMB7Q`K U?2M+2 H2/BM; iQ M
mM#HM+2/ rQ`FHQ/VX h?2 QTiBKBbiBQM Bb pBbB#H2 BM i?2
LoA.A@/Bbi`B#mi2/ *l. T`iB+H2b 2tKTH2k- ?Qr2p2`-
/2iBHb Q7 i?Bb i2+?MB[m2 /Q MQi b22K iQ TT2` BM ;2M2`H
HBi2`im`2 T2`iBMBM; iQ 6_LL b2`+?X
8X 1tT2`BK2MiH *QM};m`iBQM
h?2 2tT2`BK2Mib ?p2 #22M /2bB;M2/ iQ /2KQMbi`i2
bBt BKTQ`iMi +?`+i2`BbiB+b Q7 i?Bb `2b2`+?,
Ç 1tT2`BK2Mi R, 6_LL a2`+? Zm2`v @ h?i 6_LL
b2`+?Ƕb [m2`v Bb M 2tT2MbBp2 QT2`iBQM rBi?BM 
`M;2 Q7 2tBbiBM; KmHiB@;2Mi bBKmHiBQM KQ/2HbX
Ç 1tT2`BK2Mi k, ai`BTb @ h?i i?2 bi`BTb QTiBKBbiBQM
T`QpB/2b  +QMbiMi iBK2 bT22/mT iQ i?2 [m2`v QT2`@
iBQM rBi? `2bT2+i iQ M2B;?#Qm`?QQ/ bBx2 U/2MbBivVX
Ç 1tT2`BK2Mi j, S`QTQ`iBQMH "BM qB/i? @ h?i i?2
S`QTQ`iBQMH "BM qB/i? QTiBKBbiBQM Ua2+iBQM jXkV
BM +QK#BMiBQM rBi? i?2 ai`BTb QTiBKBbiBQM T`QpB/2b
7m`i?2` BKT`Qp2K2Mib iQ i?2 [m2`v QT2`iBQMǶb T2`@
7Q`KM+2 #v `2/m+BM; bm`THmb K2bb;2 ++2bb2bX
Ç 1tT2`BK2Mi 9, *QMbi`m+iBQM @ h?i i?2 +Qbi Q7 laS
+QMbi`m+iBQM Bb HQr `2HiBp2 iQ T2`7Q`KBM; [m2`B2b-
i?mb bmTTQ`iBM; Qm` 7Q+mb QM QTiBKBbBM; [m2`B2bX
Ç 1tT2`BK2Mi 8, SQTmHiBQM a+HBM; @ h?i i?2 QTiBK@
BbiBQMb T`2b2Mi2/ /Q MQi ?`K i?2 HBM2` b+HBM; Q7
[m2`v QT2`iBQMb rBi? `2bT2+i iQ BM+`2bBM; TQTmH@
iBQM bBx2X
Ç 1tT2`BK2Mi e, JQ/2H h2biBM; @ h?i i?2 QTiBKBb@
iBQMb T`2b2Mi2/ `2iBM i?2B` #2M2}ib r?2M TTHB2/ iQ
2tBbiBM; KmHiB@;2Mi bBKmHiBQMb rBi?BM 6GJ1:SlX
qBi?BM i?2b2 2tT2`BK2Mib- +QMbi`m+iBQM `272`b iQ i?2
+QMbi`m+iBQM Q7 i?2 laS /i bi`m+im`2- r?B+? BMpQHp2b
bQ`iBM; K2bb;2b M/ ;2M2`iBM; M BM/2t iQ i?2 bi`i Q7
2+? #BMǶb biQ`;2 US"JVX q?2`2b- i?2 [m2`v bi;2 `272`b
iQ i?2 M2B;?#Qm`?QQ/ b2`+? T2`7Q`K2/ #v 2+? +iQ` BM
T`HH2H- i?Bb BM+Hm/2b Mv KQ/2H bT2+B}+ HQ;B+ i?i Q++m`b
T2` M2B;?#Qm` ++2bb2/X
h?2 2tT2`BK2MiH BKTH2K2MiiBQMj 7QHHQrb i?2 ;2M2`@
HBb2/ +b2 Q#b2`p2/ BM KMv 7`K2rQ`Fb M/ 2tKTH2b-
2X;X 6GJ1:Sl (R8) M/ i?2 LoA.A *l. T`iB+H2b
bKTH2 (kk)9X h?2 i`;2iBM; Q7 i?2 ;2M2`H +b2 2Mbm`2b
kh?2 *l. T`iB+H2b 2tKTH2 Bb BM+Hm/2/ b  bKTH2 HQM;bB/2
BMbiHHiBQM Q7 i?2 *l. iQQHFBiX
j?iiTb,ff;Bi?m#X+QKf_Q#/Q#fbT@kyR3@y3
9h?2 *l. T`iB+H2b bKTH2 +Q/2 Bb pBH#H2 QM BMbiHHiBQM Q7
i?2 *l. iQQHFBiX
QTiBKBbiBQMb `2 KQ`2 rB/2Hv TTHB+#H2- r?BHbi biBHH `2@
KBMBM; `2H2pMi r?2M TTHB2/ iQ `2H KQ/2HbX
h?2 *B`+H2b KQ/2H (jy)U2tTHBM2/ BM a2+iBQM 8XRV ?b
#22M mb2/ iQ 2pHmi2 i?2 BKT+i Q7 i?2 QTiBKBbiBQMb
T`2b2Mi2/ BM a2+iBQMb jXR M/ jXk QM i?2 T2`7Q`KM+2 Q7
6_LL b2`+?X h?2 *B`+H2b KQ/2H HHQrb T`K2i2`b i?i
+M z2+i T2`7Q`KM+2 b+HBM;- bm+? b TQTmHiBQM bBx2 M/
TQTmHiBQM /2MbBiv- iQ #2 +QMi`QHH2/X h?2 T`2b2Mi2/ QTiBK@
BbiBQMb ?p2 #22M 2pHmi2/ BM #Qi? irQ M/ i?`22 /BK2M@
bBQMbX
//BiBQMHHv- 6GJ1:Sl ?b #22M KQ/B}2/8 bQ i?i
i?2 QTiBKBbiBQMb T`2b2Mi2/ rBi?BM i?Bb TT2` +M #2 T@
THB2/ iQ  `M;2 Q7 /Bz2`2Mi KQ/2Hb BM 2tT2`BK2Mib R M/ eX
h?2 7QHHQrBM; KQ/2Hb 7`QK 6GJ1:Sl ?p2 #22M mb2/,
"QB/b US`iBiBQMBM;V @ i?Bb T`QpB/2b M BKTH2K2Mi@
iBQM Q7 _2vMQH/b ~Q+FBM; KQ/2H (jR)- r?B+? T`QpB/2b M
2tKTH2 Q7 2K2`;2Mi #2?pBQm` `2T`2b2Mi2/ #v BM/2T2M/@
2MiHv QT2`iBM; #B`/b BM  j. 2MpB`QMK2MiX
S2/2bi`BM UGP.V @ i?Bb T`QpB/2b M BKTH2K2MiiBQM
Q7  `M/QK rHF T2/2bi`BM KQ/2HX *QHHBbBQM pQB/M+2
#2ir22M T2/2bi`BMb Bb ?M/H2/ pB M BKTH2K2MiiBQM Q7
i?2 bQ+BH 7Q`+2b KQ/2H BM  k. 2MpB`QMK2Mi- b /2b+`B#2/
#v >2H#BM; M/ JQHM` (jk)X h?2 T`iB+mH` 2MpB`QMK2Mi
?b  HQr /2MbBiv Q7 T2/2bi`BMbX
E2`iBMQ+vi2 @ i?Bb T`QpB/2b  +2HHmH` #BQHQ;B+H KQ/2H
`2T`2b2MiiBp2 Q7 E2`iBMQ+vi2 +2HHb- r?B+? `2 i?2 T`2/QK@
BMMi +2HH 7QmM/ QM i?2 bm`7+2 Hv2` Q7 i?2 bFBMX h?Bb
KQ/2H miBHBb2b irQ BMbiM+2b Q7 i?2 laS /i bi`m+im`2-
r?B+? #Qi? QT2`i2 BM  j. 2MpB`QMK2MiX h?2 E2`iBMQ@
+vi2 KQ/2H rb KQ/B}2/ bHB;?iHv iQ /2+`2b2 i?2 `2bQHmiBQM
Q7 i?2 7Q`+2 laSX h?Bb #Qi? HHQr2/ i?2 KQ/2H iQ bmTTQ`i
 ?B;?2` ;2Mi TQTmHiBQM M/ BKT`Qp2/ T2`7Q`KM+2 kt-
rBi?Qmi z2+iBM; i?2 KQ/2HǶb QT2`iBQMXe
8XRX *B`+H2b JQ/2H
h?2 *B`+H2b KQ/2H Bb M 2ti2MbBQM Q7 i?i T`QTQb2/ #v
*?Bb?QHK 2i H (jy) b  K2Mb 7Q` #2M+?K`FBM; 6_LL
b2`+? mbBM;  bBKTH2 T`iB+H2 KQ/2H MHQ;m2- ivTB+H Q7
i?Qb2 b22M BM +2HHmH` #BQHQ;v M/ KmHiB@;2Mi bBKmHiBQM
#2M+?K`FBM;X h?2 2ti2MbBQM KQ/B}2b i?2 7Q`+2 +H+mH@
iBQM iQ miBHBb2 i?2 bBM2 7mM+iBQM b  K2Mb Q7 bKQQi?@
BM;X h?2 //BiBQM Q7 bKQQi?BM; `2/m+2b i?2 TTHB2/ 7Q`+2b
#Qmi i?2 2[mBHB#`BmK TQbBiBQM- bm+? i?i i?2 T`iB+H2 DBi@
i2` #Qmi i?2 2[mBHB#`BmK TQbBiBQM 7`QK i?2 BMBiBH KQ/2H
Bb 2HBKBMi2/X //BiBQMHHv i?Bb ?b K/2 Bi TQbbB#H2 iQ
K2`;2 i?2 ii`+iBQM M/ `2TmHbBQM T`K2i2`bX
h?2 M2r 7Q`+2 +H+mHiBQM 7Q`KmH iF2b i?2 7Q`K Fi j =
sin(−2π( di j
r
))F- r?2`2 di j Bb i?2 b+H` /BbiM+2 #2ir22M
8?iiTb,ff;Bi?m#X+QKf_Q#/Q#f6GJ1:Sl U*?M;2b `2 T`2b2Mi BM
i?2 #`M+? iBiH2/ ǵS"qǶV
eh?2 Q`B;BMH 7Q`+2 `2bQHmiBQM bi`m+im`2 ?/ `QmM/ 9yy #BMb T2`
+iQ`- KQbi Q7 r?B+? rQmH/ i?2`27Q`2 `2KBM mMmb2/X h?Bb rb `2@
/m+2/ iQ `QmM/ R #BM T2` +iQ`X Ai Bb TQbbB#H2 i?i ;`2i2` `2/m+@
iBQMb rQmH/ 7m`i?2` BKT`Qp2 T2`7Q`KM+2- ?Qr2p2`- i?i Bb QmibB/2
i?2 b+QT2 Q7 i?Bb TT2`X
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UV lMB7Q`K _M/QK AMBiBHBbiBQM aii2
U#V *B`+H2b 1M/ aii2
6B;m`2 e, M `2 7`QK i?2 pBbmHBbiBQM Q7 i?2 bii2 Q7 i?2 *B`+H2b
KQ/2HX h?2 bT?2`2b `2T`2b2Mi TQBMi #b2/ +iQ`bX h?2 ;`B/ HBM2b
b?Qr i?2 bm#/BpBbBQM Q7 i?2 2MpB`QMK2Mi BMiQ #BMbX UV h?2 bi`i bii2
mM/2` mMB7Q`K `M/QK BMBiBHBbiBQM r?BHbi 2t2+miBM; BM k@/BK2MbBQMb
rBi?  JQQ`2 M2B;?#Qm`?QQ/ pQHmK2 p2`;2 Q7 jdX U#V h?2 2M/ bii2
r?2`2#v i?2 KQ/2H ?b +QMp2`;2/ iQ  bi2/v bii2 rBi?  JQQ`2
M2B;?#Qm`?QQ/ pQHmK2 p2`;2 Q7 9RX
bQm`+2 T`iB+H2 i M/ M2B;?#Qm` T`iB+H2 j- r Bb i?2 BMi2`+@
iBQM `/Bmb M/ F Bb i?2 mMB}2/ 7Q`+2 /KT2MBM; `;mK2MiX
Fi j Bb bm#b2[m2MiHv KmHiBTHB2/ #v i?2 MQ`KHBb2/ /B`2+iBQMp2+iQ` 7`QK i iQ jX b rBi? i?2 Q`B;BMH KQ/2H- Fi j Bb +H@+mHi2/ 7Q` HH M2B;?#Qm` T`iB+H2b rBi? i?2 bmK Q7 i?2
`2bmHiBM; pHm2 T`QpB/BM; i?2 }MH Qzb2i i?i Bb TTHB2/ iQ
i?2 bQm`+2 T`iB+H2X
h?2 T`iB+H2b Ui?2 +iQ`bV rBi?BM i?Bb KQ/2H KQp2 rBi?
2+? iBK2 bi2TX AMBiBHHv i?2v `2 mMB7Q`K `M/QKHv /Bb@
i`B#mi2/- b b?QrM BM 6B;m`2 eX .m`BM; `mMiBK2 i?2v
KQp2 iQ +`2i2 +Hmbi2`b Q7 T`iB+H2b ``M;2/ BM +B`+H2b
BM irQ /BK2MbBQMb U6B;m`2 e#V M/ bT?2`2b BM i?`22 /B@
K2MbBQMbX h?Bb ?b i?2 2z2+i Q7 +`2iBM; ?QibTQib rBi?BM
i?2 2MpB`QMK2Mi r?2`2 #BMb +QMiBM KMv T`iB+H2b M/
/2/ xQM2b r?2`2 #BMb +QMiBM 72r Q` MQ T`iB+H2bX h?Bb
bi`m+im`2/ ;`QmTBM; +M #2 Q#b2`p2/ BM +QKTH2t bvbi2Kb
bm+? b T2/2bi`BM KQ/2Hb- r?2`2  #QiiH2M2+F BM i?2 2M@
pB`QMK2Mi +`2i2b  MQM@mMB7Q`K /Bbi`B#miBQM rBi?BM #BMbX
h?2b2 +Hmbi2`b HbQ H2/ iQ i?2 JQQ`2 M2B;?#Qm`?QQ/ pQHmK2b
KQ`2 +HQb2Hv Ki+?BM; i?2 `/BH M2B;?#Qm`?QQ/ pQHmK2bX
h?2 mMB7Q`K `M/QK BMBiBHBbiBQM- b?QrM BM 6B;m`2 e-
miBHBb2b i?2 *l. /2pB+2 7mM+iBQM +m`M/nmMB7Q`K iQ TQbB@
iBQM M2B;?#Qm`b rBi?BM i?2 2MpB`QMK2Mi #QmM/b- 2bb2M@
iBHHv T`Q/m+BM;  MQBbv /Bbi`B#miBQM rBi? `Qm;?Hv 2[mH
MmK#2`b Q7 +iQ`b T2` #BMX hQ 2Mbm`2 +QMbBbi2M+v r?2M mb@
BM; mMB7Q`K `M/QK BMBiBHBbiBQM- i?2 bK2 b22/ pHm2 rb
mb2/ iQ BMBiBHBb2 +QKT`iBp2 #2M+?K`Fb #2ir22M #mBH/bX
>Qr2p2`- i?2 bK2 T2`7Q`KM+2 i`2M/b ?p2 #22M Q#b2`p2/
+`Qbb KmHiBTH2 b22/ pHm2bX
6B;m`2 e# b?Qrb  pBbmHBbiBQM Q7 M `2 7`QK i?2
bi2/v bii2 i i?2 +QMp2`;2M+2 Q7  irQ@/BK2MbBQMH +QM@
};m`iBQMX AM i?`22 /BK2MbBQMb i?2 ``M;2K2Mi Q7 T`iB+H2b
rQmH/ 7Q`K ?QHHQr bT?2`2b BMbi2/ Q7 i?2 `BM;b b?QrM BM
i?2 };m`2X S`K2i2`b `2 KM;2/ bQ i?i i?2v +M
#2 +QMi`QHH2/ BM/2T2M/2MiHvX b i?2 /2MbBiv T`K2i2`
Bb BM+`2b2/- i?2 MmK#2` Q7 T`iB+H2b T2` ;`B/ b[m`2 M/
`BM; BM+`2b2b- M/ i?2 2MpB`QMK2Mi /BK2MbBQMb /2+`2b2X
*?M;2b iQ i?2 +iQ` TQTmHiBQM bBx2 bBKTHv z2+i i?2 2M@
pB`QMK2Mi /BK2MbBQMb- bQ b iQ MQi +?M;2 i?2 /2MbBivX
.m`BM; `2bmHib +QHH2+iBQM pBbmHBbiBQMb r2`2 MQi mb2/ iQ
pQB/ Mv BKT+i iQ T2`7Q`KM+2X 1+? +QM};m`iBQM ?b
#22M 2t2+mi2/ 7Q` kyy Bi2`iBQMbX oBbmH i2biBM; b?Qr2/
i?i rBi?  mMB}2/ 7Q`+2 /KT2MBM; `;mK2Mi Q7 0.05 i?Bb
MmK#2` Q7 Bi2`iBQMb rb `2[mB`2/ iQ +QMbBbi2MiHv T`Q;`2bb
i?`Qm;? i?2 KQ/2H iQ `2+? i?2 bi2/v bii2X
lMB7Q`K `M/QK BMBiBHBbiBQM ?b #22M mb2/ 7Q` i?2 2t@
T2`BK2Mib b i?Bb T`QpB/2b M p2`;2 Q7 i?2 rQ`FHQ/b b22M
BM KMv +QKTH2t bvbi2Kb rBi? KQ#BH2 2MiBiB2bX .m2 iQ i?2
/Bp2`bBiv BM /Bbi`B#miBQMb b22M rBi?BM +QKTH2t bvbi2Kb- b2@
H2+iBM;  T`iB+mH` bT`b2f/2Mb2 /Bbi`B#miBQM KQ/2H Ubm+?
b S2`HBM MQBb2V ?b #22M pQB/2/- 7pQm`BM; i?2 *B`+H2b
KQ/2H (jy) iQ `2T`2b2Mi i?2 #2?pBQm`b M/ /Bbi`B#miBQMb
7QmM/ rBi?BM +QKTH2t bvbi2Kb- b Bi KQp2b +iQ`b i?`Qm;?
KMv Q7 i?2b2 bTiBH /Bbi`B#miBQMb /m`BM; 2t2+miBQMX
eX _2bmHib
"2M+?K`Fb Q7  laS BKTH2K2MiiBQM- #27Q`2 M/ 7i2`
i?2 TTHB+iBQM Q7 i?2 QTiBKBbiBQMb T`2b2Mi2/ BM a2+iBQMb
jXR M/ jXk- r2`2 +QHH2+i2/ mbBM; i?2 *B`+H2b KQ/2H T`2b2M@
i2/ BM a2+iBQM 8X .i BM i?Bb b2+iBQM rb +QHH2+i2/ mbBM;
M LoA.A hBiM@s USb+HV BM h** KQ/2 rBi? *l.
NXR QM qBM/Qrb RyX //BiBQMHHv- :Sl #QQbi rb /Bb#H2/
mbBM; MpB/B@bKB iQ HBKBi +HQ+F M/ K2KQ`v bT22/b iQ i?2B`
biQ+F pHm2b UR9RdJ>x M/ 8yy8J>x- `2bT2+iBp2HvVX
h?2 7QHHQrBM; b2+iBQMb +Q``2bTQM/ iQ i?2 2tT2`BK2Mib
QmiHBM2/ BM a2+iBQM 8X
eXRX 1tT2`BK2Mi R, 6_LL a2`+? Zm2`v
hQ 2pHmi2 i?2 +Qbi Q7 6_LL b2`+?Ƕb [m2`v QT2`@
iBQM r?2M TTHB2/ iQ  p`B2iv Q7 KQ/2Hb- 6GJ1:Sl
?b #22M 2ti2M/2/ iQ QmiTmi i?2 p2`;2 `mMiBK2b Q7 HH
;2Mi 7mM+iBQMbX h?Bb 2M#H2b i?2 T`QTQ`iBQM Q7 i?2 [m2`v
b  `2bmHi Q7 i?2 iQiH KQ/2H `mMiBK2 iQ #2 bb2bb2/X hQ
KQbi ++m`i2Hv `2~2+i T`Q+2bb2b- iBKBM;b BM+Hm/2 HH QT2`@
iBQMb U2X;X K2KQ`v +QTB2bV r?B+? Q++m` `QmM/ i?2 ;2Mi
7mM+iBQMǶb F2`M2H HmM+?X PM2 iBKBM; Bb i?2M `2im`M2/ T2`
;2Mi 7mM+iBQMX h?2b2 ?p2 i?2M #22M bmKK2/ ++Q`/BM;
iQ K2bb;2 BMTmi U[m2`vV- K2bb;2 QmiTmi U+QMbi`m+iBQMV
M/ MQi `2H2pMi UMQi BM+Hm/2/ BM i#H2 k- r?B+? Bb r?v
T2`+2Mi;2b /Q MQi // iQ RyyVX
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qBi?BM h#H2 k- Bi Bb +H2` i?i 6_LL b2`+? /QKBM@
i2b i?2 `mMiBK2- `2[mB`BM; Qp2` 8yW Q7 i?2 2t2+miBQM BM
HH BMbiM+2b U8kW@NRWVX AM +QMi`bi- i?2 +QMbi`m+iBQM Q7
i?2 laS /i bi`m+im`2 Q++mTB2b kNW M/ jjW BM irQ BM@
biM+2b- M/ HbQ Q++mTB2b b HBiiH2 b NW mM/2` i?2 "QB/b
KQ/2HX h?2 S2/2bi`BM M/ E2`iBMQ+vi2 T`QTQ`iBQMb /Q
MQi bmK iQ RyyW /m2 iQ //BiBQMH ;2Mi 7mM+iBQMb Q++mTv@
BM; `mMiBK2X
eXkX 1tT2`BK2Mi k, ai`BTb
hQ bb2bb i?2 BKT+i Q7 i?2 ai`BTb QTiBKBbiBQM QM i?2
T2`7Q`KM+2 Q7 i?2 [m2`v QT2`iBQM- i?2 *B`+H2b KQ/2H rb
2t2+mi2/ mbBM; #Qi? i?2 Q`B;BMH 6_LL b2`+? BKTH2K2Mi@
iBQM M/ M BKTH2K2MiiBQM rBi? i?2 ai`BTb QTiBKBbiBQMX
qBi? M ;2Mi TQTmHiBQM Q7 R KBHHBQM BM k. U6B;m`2 dV-
[m2`v iBK2 BM+`2b2b HBM2`Hv rBi? ;2Mi /2MbBivX h?`Qm;?@
Qmi- i?2 [m2`B2b mM/2` i?2 ai`BTb QTiBKBbiBQM T2`7Q`K 
bi#H2 R@RXkKb 7bi2` i?M i?i rBi?Qmi i?2 QTiBKBbiBQMX
 bBKBH` Tii2`M Bb pBbB#H2 BM j. U6B;m`2 d#VX >2`2 i?2
ai`BTb QTiBKBbiBQM T2`7Q`Kb  bi#H2 kXj@jX8Kb 7bi2` i?M
i?i rBi?Qmi i?2 QTiBKBbiBQMX h?Bb `Qm;?Hv i?`22@7QH/ BM@
+`2b2 Bb BM HBM2 rBi? i?2 `2/m+iBQM BM #BM +?M;2b- r?B+?
`2/m+2b 7`QK N iQ j BM k. M/ kd iQ N BM j.- `2/m+iBQMb
Q7 e M/ R3- `2bT2+iBp2HvX .m2 iQ i?2 bi#H2 bT22/ mT- i?2
T`QTQ`iBQMH bT22/mT /2+`2b2b bB;MB}+MiHv b i?2 `/BH
M2B;?#Qm`?QQ/ bBx2 BM+`2b2bX P7 MQi2- i?2 BKTH2K2Mi@
iBQM i2bi2/ U/2iBH2/ BM a2+iBQM 9V brBi+?2b #BMb mbBM; 
M2bi2/ HQQT- rBi? QM2 7Q` HQQT T2` /BK2MbBQM M/  +2Mi`H
HQQT iQ Bi2`i2 K2bb;2b rBi?BM 2+? #BMX 6Q` i?2 ai`BTb QT@
iBKBbiBQM- i?2 t tBbǶb 7Q` HQQT Bb `2KQp2/ Ub22 H;Q`Bi?Kb
R M/ kVX
eXjX 1tT2`BK2Mi j, S`QTQ`iBQMH "BM qB/i?
1tT2`BK2Mi k rb `2T2i2/ mbBM; i?2 ai`BTb BKTH2K2Mi@
iBQM- r?B+? ?b  T`QTQ`iBQMH #BM rB/i? Q7 1.0- M/ i?2
T`QTQ`iBQMH #BM rB/i?b U0.7- 2
3
- 0.5- 0.4VX h?2b2 r2`2 b2@
H2+i2/ #b2/ QM M 2ti2M/2/ p2`bBQM Q7 h#H2 R- b i?2B`
T`QT2`iB2b ?/ i?2 HQr2bi +QK#BM2/ KtBKmK bi`BT +QmMi
M/ bm`THmb KmHiBTHB2`bX
AM k. U6B;m`2 3V- i?2 bm++2bb7mH T`QTQ`iBQMH #BM rB/i?
7QmM/ Bb yX8X "v `2/m+BM; i?2 bm`THmb iQ RXNNt U2[miBQM
M/ /2iBHb pBH#H2 BM a2+iBQM jXkV- M/ QMHv BM+`2bBM;
i?2 MmK#2` Q7 bi`BTb #v QM2- Bi Bb #H2 iQ BKT`Qp2 QM
i?2 T2`7Q`KM+2 Q7 i?2 Q`B;BMH ai`BTb BKTH2K2MiiBQMǶb
[m2`v QT2`iBQMX h?Bb BKT`Qp2K2Mi T`QpB/2b  `Qm;?Hv
bi#H2 R8W bT22/ mT Qp2` i?2 Q`B;BMH ai`BTb BKTH2K2Mi@
iBQM i?`Qm;?Qmi HH /2MbBiB2b i2bi2/X
JQ/2H Zm2`v W *QMbi`m+iBQM W
"QB/b NRW NW
S2/2bi`BM 8kW jjW
E2`iBMQ+vi2 e8W kNW
h#H2 k, h?2 `mMiBK2 T`QTQ`iBQM Q7 6_LL b2`+? M/ laS +QM@
bi`m+iBQM mM/2` j KQ/2Hb rBi?BM 6GJ1:Sl- r?2M 2t2+mi2/ BM
i?2B` /27mHi +QM};m`iBQM 7Q` Ry-yyy Bi2`iBQMbX
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U#V j.
6B;m`2 d, h?2 T2`7Q`KM+2 Q7 i?2 [m2`v QT2`iBQMb /m`BM; 2t2+miBQM
Q7 i?2 *B`+H2b KQ/2H rBi? R KBHHBQM +iQ`b +`Qbb  `M;2 Q7 /2MbBiB2b
7Q` #Qi? i?2 Q`B;BMH BKTH2K2MiiBQM M/ i?2 ai`BTb QTiBKBbiBQM BM
UV k. M/ U#V j.X
h?2 `2KBMBM; i?`22 T`QTQ`iBQMH #BM rB/i?b i2bi2/-
0.7- 2
3
M/ 0.4- ?p2 rQ`b2 T2`7Q`KM+2 i?M i?2 Q`B;BMH
ai`BTb BKTH2K2MiiBQM UT`QTQ`iBQMH #BM rB/i? Q7 RXyVX
b 2tT2+i2/- r?BHbi  T`QTQ`iBQMH #BM rB/i? Q7 yXd
b?QmH/ ?p2 M p2`;2 bm`THmb Q7 RX89t U`2HiBp2 iQ i?2
Q`B;BMHǶb kX3dtV- Bib T2`7Q`KM+2 Bb HBF2Hv i?i Q7 Bib Kt@
BKmK bm`THmb Q7 kX8yt +QmTH2/ rBi? i?2 //BiBQMH bi`BT-
/m2 iQ i?2 /Bp2`;2M+2 +mb2/ #v Hi2`Mi2 b2`+? Q`B;BMb
?pBM; p`vBM; MmK#2`b Q7 #BMb iQ b2`+?X h?2 T`QTQ`@
iBQMH #BM rB/i? Q7 2
3
?b M p2`;2 bm`THmb Q7 kXket rBi?
MQ //BiBQMH #BM +?M;2bX Aib H+F Q7 T2`7Q`KM+2 bm;;2bib
i?i ~QiBM; TQBMi T`2+BbBQM HBKBiiBQMb Kv ?p2 `2KQp2/
i?2 T`BK`v #2M2}i Q7 2
3
#2BM;  7+iQ` Q7 k Ui?mb //BM;
`2/mM/Mi #BM +?M;2bVX h?2 T`QTQ`iBQMH #BM rB/i? Q7
yX9 HbQ ?`K2/ T2`7Q`KM+2- ?Qr2p2`- i?2 `mMiBK2 rb
Km+? +HQb2` iQ i?i Q7 i?2 Q`B;BMH ai`BTb BKTH2K2MiiBQMX
yX9 Bb +H+mHi2/ iQ ?p2 p2`;2 M/ KtBKmK bm`THmb2b
Q7 RX89t M/ RX3jt- `2bT2+iBp2HvX >Qr2p2` i?Bb +QK2b i
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U#V j.
6B;m`2 3, h?2 T2`7Q`KM+2 Q7 i?2 [m2`v QT2`iBQM /m`BM; 2t2+miBQM
Q7 i?2 *B`+H2b KQ/2H rBi? R KBHHBQM +iQ`b- rBi? i?2 ai`BTb QTiBKBb@
iBQM TTHB2/ BM +QK#BMiBQM rBi?  b2H2+i2/ `M;2 Q7 T`QTQ`iBQMH #BM
rB/i?b- BM UV k. M/ U#V j.X
i?2 +Qbi Q7 8 bi`BTb `i?2` i?M jX
AM j. U6B;m`2 3#V- b b22M BM k.- i?2 T`QTQ`iBQMH #BM
rB/i? yX8 T`Q/m+2b i?2 #2bi `2bmHi- +?B2pBM;  kdW bT22/
mT Qp2` i?2 Q`B;BMH BKTH2K2MiiBQM i i?2 ?B;?2bi /2MbBivX
q?2M +QKT`2/ rBi? i?2 Q`B;BMH BKTH2K2MiiBQM- i?2
ai`BTb QTiBKBb2/ BKTH2K2MiiBQM rBi?  T`QTQ`iBQMH #BM
rB/i? Q7 yX8 U6B;m`2 NV HHQrb i?2 [m2`v QT2`iBQM iQ 2t@
2+mi2 kdW 7bi2` i i?2 ?B;?2bi /2MbBiv BM k.X h?Bb BM@
+`2b2b iQ j9W BM j.X aBKBH`Hv- i?2 ;`T? /2KQMbi`i2b
?Qr i?2 +QK#BMiBQM Q7 ai`BTb M/  T`QTQ`iBQMH #BM rB/i?
Q7 yX8 2t+22/b i?2 BKT`Qp2K2Mi Q7 #Qi? QTiBKBbiBQMb BM
BbQHiBQMX
eX9X 1tT2`BK2Mi 9, *QMbi`m+iBQM
h?2 +QMbi`m+iBQM 2t2+miBQM iBK2 `2HiBp2 iQ i?2 [m2`v
QT2`iBQM iBK2b 7`QK i?2 T`2pBQmb 2tT2`BK2Mi U6B;m`2 NV
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U#V j.
6B;m`2 N, M 2ti2MbBQM Q7 };m`2 d- iQ +QKT`2 i?2 T2`7Q`KM+2 Q7
i?2 [m2`v QT2`iBQM 7Q` i?2 Q`B;BMH- M/ i?2 +QK#BM2/ ai`BTb M/ yX8
T`QTQ`iBQMH #BM rB/i? QTiBKBb2/ BKTH2K2MiiBQMb /m`BM; 2t2+miBQM
Q7 i?2 *B`+H2b KQ/2H rBi? R KBHHBQM +iQ`b +`Qbb  b2H2+i2/ `M;2 Q7
T`QTQ`iBQMH #BM rB/i?b BM UV k. M/ U#V j.X
`2 b?QrM BM 6B;m`2 RyX h?2b2 /2KQMbi`i2 i?2 bKHH BK@
T+i +?M;2b iQ +QMbi`m+iBQM iBK2 ?p2 p2`bmb [m2`v QT2`@
iBQM `mMiBK2X *QMbi`m+iBQM ++QmMib 7Q` jW Q` H2bb Q7 i?2
+QK#BM2/ +QMbi`m+iBQM M/ [m2`v `mMiBK2b- `2/m+BM; 7m`@
i?2` b /2MbBiv M/ /BK2MbBQMHBiv BM+`2b2X _2;`/H2bb-
#v +QKT`BM; iBK2b #2ir22M 6B;m`2b N  Ry- Bi Bb b?QrM
i?i +QMbi`m+iBQM iBK2 Bb `2/m+2/ bHB;?iHv #v i?2 T`QTQ`@
iBQMH #BM rB/i? Q7 yX8X .m2 iQ i?2 BM+`2b2/ MmK#2` Q7
#BMb U9t BM k.- 3t BM j.V- +QMi2MiBQM Bb `2/m+2/ r?B+?
TT2`b iQ #2M2}i i?2 mM/2`HvBM; bQ`iBM; H;Q`Bi?KX
eX8X 1tT2`BK2Mi 8, SQTmHiBQM a+HBM;
6B;m`2 RR /2KQMbi`i2b ?Qr i?2 [m2`v iBK2 Q7 #Qi?
i?2 Q`B;BMH M/ QTiBKBb2/ 6_LL b2`+? H;Q`Bi?Kb b+H2b
HBM2`Hv b TQTmHiBQM bBx2 BM+`2b2b UO(n)VX b /Bb+mbb2/
BM b2+iBQM jXk- i?2 QTiBKBbiBQMb TTHB2/ z2+i i?2 MmK#2`
Q7 #BMb ++2bb2/ M/ i?2 2MpB`QMK2MiH b+H2 Q7 2+? #BMX
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U#V j.
6B;m`2 Ry,  +QKT`BbQM Q7 i?2 +QMbi`m+iBQM iBK2 M/ [m2`v QT2`@
iBQM iBK2 Q7 i?2 Q`B;BMH M/ i?2 +QK#BM2/ ai`BTb M/ yX8 T`QTQ`iBQMH
#BM rB/i? QTiBKBb2/ BKTH2K2MiiBQMb /m`BM; 2t2+miBQM Q7 i?2 *B`+H2b
KQ/2H rBi? R KBHHBQM +iQ`b +`Qbb  b2H2+i2/ `M;2 Q7 T`QTQ`iBQMH
#BM rB/i?b BM UV k. M/ U#V j.X
h?2b2 irQ p`B#H2b `2 +QMbiMi rBi? `2bT2+i iQ  b+HBM;
TQTmHiBQMX
h?2 D;;2/ T2`7Q`KM+2 b22M BM 6B;m`2 RR# Bb  +QM@
b2[m2M+2 Q7 i?2 2MpB`QMK2Mi /BK2MbBQMb- HQ+F2/ iQ  KmH@
iBTH2 Q7 #BM rB/i?- UM/ +QMb2[m2MiHv TQTmHiBQM /2MbBivV
MQi b+HBM; b bKQQi?Hv b i?2 TQTmHiBQM bBx2X
j-yyy-yyy +iQ`b Bb /2[mi2 iQ 7mHHv miBHBb2 i?2 +QK@
TmiiBQMH +T+Biv Q7 i?2 :Sl mb2/- bm+? i?i i?2 HBM2`
T2`7Q`KM+2 i`2M/ +M #2 2tT2+i2/ iQ +QMiBMm2 mMiBH i?2
:SlǶb K2KQ`v +T+Biv #2+QK2b  HBKBiBM; 7+iQ` (k)X AM
k. i?2 QTiBKBb2/ p2`bBQM T2`7Q`Kb RXkj@RXjjt 7bi2`X AM
j. Bi Bb RXR3@RXkkt 7bi2`X
eXeX 1tT2`BK2Mi e, JQ/2H h2biBM;
h?`22 2tKTH2 KQ/2Hb 7QmM/ rBi?BM 6GJ1:Sl- BM@
i`Q/m+2/ BM b2+iBQM 8- ?p2 #22M miBHBb2/ iQ /2KQMbi`i2
i?2 #2M2}i Q7 i?2 QTiBKBbiBQM BM T`+iB+2X h?Bb TTHB+@
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U#V j.
6B;m`2 RR, *QKT`BbQMb Q7 i?2 T2`7Q`KM+2 Q7 i?2 Q`B;BMH M/ i?2
+QK#BM2/ ai`BTb M/ yX8 T`QTQ`iBQMH #BM rB/i? QTiBKBb2/ BKTH2@
K2MiiBQMb /m`BM; 2t2+miBQM Q7 i?2 *B`+H2b KQ/2H +`Qbb  `M;2 Q7
+iQ` TQTmHiBQM bBx2b BM UV k. rBi? `/BH M2B;?#Qm`?QQ/ pQHmK2b
Q7 ∼ey M/ U#V j. rBi? `/BH M2B;?#Qm`?QQ/ pQHmK2b Q7 ∼RyyX
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iBQM iQ /Bz2`BM; KQ/2Hb BKb iQ ?B;?HB;?i ?Qr /Bz2`2M+2b
#2ir22M i?2B` TTHB+iBQM Q7 6_LL b2`+? U2X;X +iQ` /2Mb@
Biv- k. pb j.V z2+i i?2 QTiBKBbiBQMX
h?2 `2bmHib BM h#H2 j b?Qr i?i i?2 +QK#BM2/ QTiBK@
BbiBQM rBi?  T`QTQ`iBQMH #BM rB/i? Q7 yX8 ?b HHQr2/
i?2 [m2`v QT2`iBQM rBi?BM i?2 "QB/b KQ/2H iQ QT2`i2
RXRRt 7bi2` i?M i?2 Q`B;BMHǶb `mMiBK2X q?2M +QK#BM2/
rBi? +QMbi`m+iBQM- r?B+? b22b  bHB;?i BM+`2b2- i?2 Qp2`HH
`mMiBK2 2t2+mi2b RXR8t 7bi2` i?M T`BQ` iQ QTiBKBbiBQMX
h?2 E2`iBMQ+vi2 KQ/2H b22b  ;`2i2` bT22/mT Q7 RXjkt
7Q` i?2 [m2`v QT2`iBQMbǶb `mMiBK2- `2/m+2/ iQ RXkRt Q7 i?2
Qp2`HH `mMiBK2X h?Bb ;`2i2` bT22/mT 7Q` i?2 E2`iBMQ+vi2
KQ/2H Bb HBF2Hv iQ #2 b  +QMb2[m2M+2 Q7 i?2 HQr2` ;`B/
`2bQHmiBQM TTHB2/ iQ i?2 KQ/2HX h?2 E2`iBMQ+vi2 KQ/2H
?b b2p2`H //BiBQMH Hv2`b mMz2+i2/ #v 6_LL b2`+?-
`2/m+BM; i?2 T`QTQ`iBQMH BKT+i iQ i?2 Qp2`HH `mMiBK2X
aBKBH`Hv- i?2 QMHv k. KQ/2H i2bi2/- S2/2bi`BMb- 2t@
2+mi2/ Bib [m2`v RXyjt 7bi2` i?M i?i Q7 i?2 Q`B;BMHX h?Bb
T2`bBbi2/ iQ M Qp2`HH bT22/mT Q7 RXyjt r?2M +QKT`2/
rBi? i?2 Q`B;BMHX Hi?Qm;? i?2 bB;MB}+M+2 Q7 i?Bb `2bmHi Bb
HQr- 2`HB2` `2bmHib /2KQMbi`i2 i?i i?Bb +M #2 ii`B#mi2/
iQ i?2 HQr /2MbBiv Q7 +iQ`b rBi?BM i?2 KQ/2HǶb bi`m+im`2/
2MpB`QMK2MiX
dX *QM+HmbBQMb
h?Bb TT2` ?b T`2b2Mi2/ irQ QTiBKBbiBQMb Uai`BTb M/
S`QTQ`iBQMH "BM qB/i?V iQ i?2 laS /i bi`m+im`2 7Q`
T`QpB/BM; 6_LL b2`+?2bX h?2b2 QTiBKBbiBQMb +M #2
TTHB2/ BM/BpB/mHHv Q` BM iM/2K iQ BKT`Qp2 i?2 T2`7Q`K@
M+2 Q7 [m2`B2b iQ i?2 /i bi`m+im`2- i i?2 `2HiBp2Hv bKHH
+Qbi Q7 +QMbi`m+iBM;  H`;2` laSX
h?2 `2bmHib ?p2 b?QrM i?i i?2 ai`BTb QTiBKBbiBQMǶb
T2`7Q`KM+2 Bb +QMbBbi2MiHv 7bi2` i?M Q` 2[mH iQ i?i Q7
i?2 Q`B;BMH BKTH2K2MiiBQM Q7 i?2 [m2`v QT2`iBQM- r?B+?
H+Fb i?2 QTiBKBbiBQMb T`2b2Mi2/ BM i?Bb TT2`X h?2 bT22@
/mT rb  +QMbiMi R@RXkKb T2` bBKmHiBQM bi2T BM k. M/
kXj@jX8Kb BM j. +`Qbb HH /2MbBiB2b rBi?  TQTmHiBQM bBx2
Q7 R KBHHBQMX q?2M TTHB2/ iQ HQr /2MbBiv bBKmHiBQMb bm+?
b rBi? ∼8k M2B;?#Qm`b BM k.- i?Bb T`Q/m+2b  RXkkt bT22@
/mT- /m2 iQ i?2 ?B;? MmK#2` Q7 #BM +?M;2b Ukd- r?B+?
ai`BTb QTiBKBbiBQM `2/m+2b iQ NV `2HiBp2 iQ BM/BpB/mH
K2bb;2 ++2bb2b U∼8kVX AM HBM2 rBi? i?2 i?2Q`v #2?BM/ i?2
QTiBKBbiBQM- i?2 bT22/mT TT2`b HKQbi +QMbiMi- `2Hi@
Bp2 iQ i?2 MmK#2` Q7 /BK2MbBQMb- #Qi? /m2 iQ i?2 `2KQpH
Q7 `2/mM/Mi +Q/2- M/ Bib bm#b2[m2Mi BKT+i Q7 `2/m+BM;
B/H2 i?`2/b /m2 iQ #`M+?BM;X
h?2 +QK#BM2/ QTiBKBbiBQM Q7 ai`BTb M/ S`QTQ`iBQMH
"BM qB/i? +M 7m`i?2` BKT`Qp2 T2`7Q`KM+2 BM HH #mi i?2
+b2b Q7 HQr2bi /2MbBivX h?2 T2F BKT`Qp2K2Mib K2bm`2/
r2`2 R8W M/ kdW BM k. M/ j.- `2bT2+iBp2HvX h?2 `2b@
mHib b?Qr ?Qr i?2 +QK#BM2/ QTiBKBbiBQM b+H2b iQ T`QpB/2
KQ`2 #2M2}i iQ #Qi? ?B;?2` /2MbBiv ;2Mi TQTmHiBQMb M/
KQ/2Hb rBi? KQ`2 +QKTmi2 /2KM/ T2` K2bb;2 T`Q+2bb2/X
h?2b2 BKT`Qp2K2Mib `2 /m2 iQ i?2 BKT+i Q7 `2/m+BM;
bm`THmb K2bb;2 `2/b M/ i?mb B/H2 i?`2/b rBi?BM 2+?
r`TX Pm` MHvbBb M/ i2biBM; b?Qr2/ i?i i?2 #BM rB/i?
`iBQ Q7 yX8t `/Bmb Qz2`b i?2 #2bi #HM+2 #2ir22M bm`THmb
M2B;?#Qm` ++2bb `2/m+iBQM M/ iQiH #BM ++2bb2bX
h?Bb +QK#BM2/ TT`Q+? +QMbBbi2MiHv QmiT2`7Q`Kb i?2
BM/BpB/mH QTiBKBbiBQMbX _2bmHib b?Qr2/ i?2 +QK#BM2/
TT`Q+?Ƕb 2t2+miBQM iQ #2 b bB;MB}+Mi b RXkdt M/ RXj9t
7bi2` BM k. M/ j.- `2bT2+iBp2Hv- r?2M TTHB2/ iQ i?2
*B`+H2b #2M+?K`F KQ/2HX
Ja miBHBb2 6_LL b2`+? BM  rB/2 p`B2iv Q7 rvb-
rBi? /Bz2`BM; }/2HBiv- +iQ` /Bbi`B#miBQMb M/ /BK2MbBQM@
HBiv QM iQT Q7 2+? KQ/2HǶb mMB[m2 HQ;B+X h?2b2 p`B#H2b
HH BKT+i i?2 T2`7Q`KM+2 Q7 6_LL b2`+?- Q7i2M b  b2+@
QM/`v +QMb2[m2M+2 Q7 i?2 mM/2`HvBM; :Sl `+?Bi2+im`2X
"v /2KQMbi`iBM; i?2 T2`7Q`KM+2 BKT`Qp2K2Mib +`Qbb
j /Bz2`2Mi KQ/2Hb rBi?BM i?2 Ja bBKmHiBQM 7`K2rQ`F
6GJ1:Sl- r2 ?p2 b?QrM ?Qr /2bTBi2 i?2b2 /Bz2`2M+2b
i?2 6_LL [m2`v 2t2+mi2/ b Km+? b RXjkt 7bi2`X >Qr@
2p2`- /m2 iQ //BiBQMH KQ/2H HQ;B+- BM/2T2M/2Mi Q7 i?2
QTiBKBbiBQM- i?2 BKT+i iQ Qp2`HH `mMiBK2 BM i?Bb #2bi
+b2 Bb `2/m+2/ iQ  RXkRt bT22/ mTX
.m2 iQ i?2 i`/2@Qz #2ir22M bm`THmb K2bb;2 `2/b M/
iQiH #BMb ++2bb2/- Bi Bb BKT2`iBp2 i?i i?2 ai`BTb QT@
iBKBbiBQM Bb mb2/ HQM;bB/2 i?2 S`QTQ`iBQMH "BM qB/i?
QTiBKBbiBQMX TTHB+iBQM Q7 i?2 ai`BTb QTiBKBbiBQM `2@
/m+2b i?2 iQiH #BM ++2bb iQ √n BM k.- M/ 3√n2 BM j.X
h?Bb ?b  bB;MB}+Mi BKT+i mM/2` i?2 S`QTQ`iBQMH "BM
qB/i? QTiBKBbiBQMX 6Q` 2tKTH2- BM i?2 +b2 Q7  yX8 T`Q@
TQ`iBQMH #BM rB/i? i?2 k. JQQ`2 M2B;?#Qm`?QQ/ b2`+?
;`B/ 2tTM/b 7`QK jtj iQ 8t8X
h?2 `2bmHib rBi?BM i?Bb TT2` `2 +QM}M2/ iQ bBM;H2
:Sl BKTH2K2MiiBQMbX h?2b2 `2 +T#H2 Q7 `2T`2b2MiBM;
KQ/2Hb Q7 KBHHBQMb Q7 +iQ`b- KQ`2 i?M M2+2bb`v 7Q` KMv
KQ/2Hb r?2`2#v +iQ`b `2T`2b2Mi ?mKM TQTmHiBQMbX u2i
i?2`2 `2 KQ/2Hb r?B+? +M #2M2}i 7`QK 2p2M ;`2i2` TQT@
mHiBQMbX *m``2Mi laS BKTH2K2MiiBQMb +M #2 i`Mb@
T`2MiHv KQp2/ iQ 2Bi?2` KmHiB@:Sl Q` T;2/ Qz /2pB+2
K2KQ`v THi7Q`Kb pB i?2 mb2 Q7 mMB}2/ K2KQ`vX >Qr@
2p2`- KtBKBbBM; KmHiB@:Sl T2`7Q`KM+2 Kv `2[mB`2 
KMmH TT`Q+? imM2/ iQ QTiBKHHv T`iBiBQM /i +@
+Q`/BM; iQ  KQ/2HǶb bT2+B}+ +iQ` /Bbi`B#miBQM Tii2`Mb
M/ 2MpB`QMK2MiX
h?Bb `2b2`+? ?b /2KQMbi`i2/  K2Mb 7Q` `2/m+BM;
i?2 /i ++2bb2/ /m`BM; 6_LL b2`+?Ƕb [m2`v QT2`iBQM
#v /2+`2bBM; i?2 M22/ iQ ++2bb K2bb;2b QmibB/2 Q7 i?2
`/BH M2B;?#Qm`?QQ/X >Qr2p2`- 2p2M 7i2` i?2 S`QTQ`@
iBQMH "BM qB/i? QTiBKBbiBQM ?b #22M TTHB2/- 8yW Q7
++2bb2/ K2bb;2b biBHH `2KBM `2/mM/Mi BM  mMB7Q`K /Bb@
i`B#miBQMX Pm` 7mim`2 `2b2`+? rBHH 2tTHQ`2 ?Qr `2/m+@
iBQMb +M #2 K/2 iQ `2/mM/Mi K2KQ`v ++2bb2bX 6m`@
i?2`KQ`2- bT2+B}+ TTHB+iBQMb Q7 6_LL +QmH/ #2 7m`i?2`
BKT`Qp2/ #v `2/m+BM; i?2 b+QT2 Q7 K2bb;2 ++2bb2b- bm+?
b BM T2/2bi`BM bBKmHiBQMb- r?2`2  T2/2bi`BM Kv QMHv
?p2 r`2M2bb Q7 Q#bi+H2b rBi?BM i?2B` }2H/ Q7 pBbBQMX
+FMQrH2/;2K2Mib
h?Bb `2b2`+? rb 7mM/2/ #v 1Sa_* ;`Mi B/ Rek9Ndy
Rj
J
ou
rn
al
P
re
-p
ro
of
Journal Pre-proof
Zm2`v hBK2 UbV *QMbi`m+iBQM hBK2 UbV hQiH 1t2+miBQM hBK2 UbV
JQ/2H +iQ`b P`B;BMH PTiBKBb2/ aT22/mT P`B;X PTiX aT22/mT P`B;X PTiX aT22/mT
"QB/b kekR99 d9eX8k e9eX8e RXR8t 8XRy dXyk yXdjt d8kXy9 e89Xyy RXR8t
S2/2bi`BM Rej39 RXyR yXN3 RXyjt yXe8 yXee yXN3t kXk8 kXR3 RXyjt
E2`iBMQ+vi2 k8yyy@9Rd3N 8X3y 9Xj3 RXjkt yXN9 RX3d yX8yt 3XR9 eXdy RXkRt
h#H2 j, h?2 `mMiBK2 Q7 j KQ/2Hb rBi?BM 6GJ1:Sl #27Q`2 M/ 7i2` i?2 +QK#BM2/ QTiBKBbiBQM ?b #22M TTHB2/ rBi?  T`QTQ`iBQMH #BM
rB/i? Q7 yX8- r?2M 2t2+mi2/ 7Q` Ry-yyy Bi2`iBQMbX
(R) SX :QbrKB- SX a+?H2;2H- "X aQH2Mi?H2`- _X SD`QH- AMi2`+i@
Bp2 bT? bBKmHiBQM M/ `2M/2`BM; QM i?2 ;Tm- BM, S`Q+22/BM;b Q7
i?2 kyRy *J aA::_S>f1m`Q;`T?B+b avKTQbBmK QM *QK@
Tmi2` MBKiBQM- 1m`Q;`T?B+b bbQ+BiBQM- kyRy- TTX 88Ĝe9X
(k) 1X _mbiB+Q- :X "BHQii- X >û`mHi- *X .X L2;`Q- :X :HHQ- /@
pM+2b BM KmHiB@;Tm bKQQi?2/ T`iB+H2 ?v/`Q/vMKB+b bBKmH@
iBQMb- A111 h`Mb+iBQMb QM S`HH2H M/ .Bbi`B#mi2/ avbi2Kb
k8 URV UkyR9V 9jĜ8kX /QB,RyXRRyNfhS.aXkyRkXj9yX
(j) _X >Q2ixH2BM- 6bi }t2/@`/Bmb M2`2bi M2B;?#Q`b, AMi2`+iBp2
KBHHBQMĜT`iB+H2 ~mB/b- BM, :Sl h2+?MQHQ;v *QM72`2M+2- kyR9X
(9) >X amM- uX hBM- uX w?M;- CX qm- aX qM;- ZX uM;- ZX w?Qm-
 bT2+BH bQ`iBM; K2i?Q/ 7Q` M2B;?#Q` b2`+? T`Q+2/m`2 BM
bKQQi?2/ T`iB+H2 ?v/`Q/vMKB+b QM ;Tmb- BM, S`HH2H S`Q@
+2bbBM; qQ`Fb?QTb UA*SSqV- 99i? AMi2`MiBQMH *QM72`2M+2 QM-
A111- kyR8- TTX 3RĜ38X
(8) hX uM;- _X _X J`iBM- JX *X GBM- CX *?M;- aX@JX >m- SB`@
rBb2 7Q`+2 bT? KQ/2H 7Q` `2H@iBK2 KmHiB@BMi2`+iBQM TTHB+@
iBQMb- A111 i`Mb+iBQMb QM pBbmHBxiBQM M/ +QKTmi2` ;`T?@
B+b kj URyV UkyRdV kkj8Ĝkk9dX
(e) >X aK2i- 6QmM/iBQMb Q7 KmHiB/BK2MbBQMH M/ K2i`B+ /i
bi`m+im`2b- JQ`;M Em7KMM- kyyeX
(d) JX h2b+?M2`- "X >2B/2H#2`;2`- JX JɃHH2`- .X SQK2`Mi2b- JX >X
:`Qbb- PTiBKBx2/ bTiBH ?b?BM; 7Q` +QHHBbBQM /2i2+iBQM Q7 /2@
7Q`K#H2 Q#D2+ibX- BM, oKp- oQHX j- kyyj- TTX 9dĜ89X
(3) aX G272#p`2- >X >QTT2- S2`72+i bTiBH ?b?BM;- BM, *J h`Mb@
+iBQMb QM :`T?B+b UhP:V- oQHX k8- *J- kyye- TTX 8dNĜ833X
(N) _X EX oX EQi?m`B- aX _p/- .X #m;Qp- Zm/i`22 M/ `@i`22
BM/2t2b BM Q`+H2 bTiBH,  +QKT`BbQM mbBM; ;Bb /i- BM, S`Q@
+22/BM;b Q7 i?2 kyyk *J aA:JP. BMi2`MiBQMH +QM72`2M+2
QM JM;2K2Mi Q7 /i- *J- kyyk- TTX 89eĜ88dX
(Ry) X PX 6BMH2v- _X 1X J+_Q#2`ib- 1{+B2Mi F@M2`2bi M2B;?#Q`
b2`+?2b 7Q` KmHiB@bQm`+2 7Q`2bi ii`B#mi2 KTTBM;- _2KQi2
a2MbBM; Q7 1MpB`QMK2Mi RRk U8V Ukyy3V kkyjĜkkRRX
(RR) JX hX .B+F2`bQM- _X aX .`vb/H2- CX@_X a+F- aBKTH2 H;Q`Bi?Kb
7Q` 2MmK2`iBM; BMi2`TQBMi /BbiM+2b M/ }M/BM; F M2`2bi
M2B;?#Q`b- AMi2`MiBQMH CQm`MH Q7 *QKTmiiBQMH :2QK2i`v
 TTHB+iBQMb k UyjV URNNkV kkRĜkjNX
(Rk) .X EBK- .X@aX EBK- _2;BQM@2tTMbBQM 7Q` i?2 pQ`QMQB /B;`K
Q7 j/ bT?2`2b- *QKTmi2`@B/2/ /2bB;M j3 U8V UkyyeV 9RdĜ9jyX
(Rj) _X CX M/2`bQM- h`22 /i bi`m+im`2b 7Q` M@#Q/v bBKmHiBQM-
aAJ CQm`MH QM *QKTmiBM; k3 UeV URNNNV RNkjĜRN9yX
(R9) JX a?2pibQp- X aQmTBFQp- X ETmbiBM- >B;?Hv T`HH2H 7bi F/@
i`22 +QMbi`m+iBQM 7Q` BMi2`+iBp2 `v i`+BM; Q7 /vMKB+ b+2M2b-
BM, *QKTmi2` :`T?B+b 6Q`mK- oQHX ke- qBH2v PMHBM2 GB#``v-
kyyd- TTX jN8Ĝ9y9X
(R8) 6HK2;Tm, 6H2tB#H2 H`;2 b+H2 ;2Mi KQ/2HHBM; 2MpB`QMK2Mi 7Q`
i?2 ;Tm- ?iiT,ffrrrX7HK2;TmX+QKf UR kyR3VX
(Re) 6HmB/b pXj,  H`;2 b+H2 QT2M bQm`+2 ~mB/ bBKmHiQ`- ?iiT,
ff7HmB/bjX+QKf UR kyR3VX
(Rd) GKKTb KQH2+mH` /vMKB+b bBKmHiQ`- ?iiT,ffHKKTbX
bM/BX;Qpf UR kyR3VX
(R3) K#2` ?QK2 T;2- ?iiT,ffK#2`K/XQ`;f UR kyR3VX
(RN) _X aHQKQM@62``2`- X qX :ƺix- .X SQQH2- aX G2 :`M/- _X *X
qHF2`- _QmiBM2 KB+`Qb2+QM/ KQH2+mH` /vMKB+b bBKmHiBQMb
rBi? K#2` QM ;TmbX kX 2tTHB+Bi bQHp2Mi T`iB+H2 K2b? 2rH/-
CQm`MH Q7 +?2KB+H i?2Q`v M/ +QKTmiiBQM N UNV UkyRjV j3d3Ĝ
j333X
(ky) LX aiBb?- *X EBK- CX *??m;MB- X .X L;mv2M- oX qX G22-
.X EBK- SX .m#2v- 6bi bQ`i QM +Tmb M/ ;Tmb,  +b2 7Q` #M/@
rB/i? Q#HBpBQmb bBK/ bQ`i- BM, S`Q+22/BM;b Q7 i?2 kyRy *J
aA:JP. AMi2`MiBQMH *QM72`2M+2 QM JM;2K2Mi Q7 /i-
*J- kyRy- TTX j8RĜjekX
(kR) LX G2Bb+?M2`- oX PbBTQp- SX aM/2`b- :Tm bKTH2 bQ`i- BM, S`H@
H2H  .Bbi`B#mi2/ S`Q+2bbBM; UAS.SaV- kyRy A111 AMi2`MiBQMH
avKTQbBmK QM- A111- kyRy- TTX RĜRyX
(kk) aX :`22M- S`iB+H2 bBKmHiBQM mbBM; +m/- LoA.A r?Bi2TT2`
e UkyRyV RkRĜRk3X
(kj) LoA.A- :TRyy Tb+H r?Bi2TT2`- h2+?X `2TX- LoA.A
UkyReVX
l_G ?iiTb,ffBK;2bXMpB/BX+QKf+QMi2MifT/7fi2bHf
r?Bi2TT2`fTb+H@`+?Bi2+im`2@r?Bi2TT2`XT/7
(k9) GX o2`H2i- *QKTmi2`Ǵ 2tT2`BK2MibǴ QM +HbbB+H ~mB/bX BX i?2`@
KQ/vMKB+H T`QT2`iB2b Q7 H2MM`/@DQM2b KQH2+mH2b- S?vbB+H `2@
pB2r R8N URV URNedV N3X
(k8) CX X oM J22H- X `MQH/- .X 6`2MF2H- aX SQ`i2;B2b wr`i-
_X :X "2HH2KM- >`p2biBM; ;`T?B+b TQr2` 7Q` K/ bBKmHiBQMb-
JQH2+mH` aBKmHiBQM j9 UjV Ukyy3V k8NĜkeeX
(ke) aX SHH- "X >2bb-  ~2tB#H2 H;Q`Bi?K 7Q` +H+mHiBM; TB` BMi2`+@
iBQMb QM bBK/ `+?Bi2+im`2b- *QKTmi2` S?vbB+b *QKKmMB+iBQMb
R39 URkV UkyRjV ke9RĜke8yX
(kd) .X qBMFH2`- JX _2xpM/- qX _m+?- L2B;?#Qm` HBbib 7Q`
bKQQi?2/ T`iB+H2 ?v/`Q/vMKB+b QM ;Tmb- *QKTmi2` S?vbB+b
*QKKmMB+iBQMb kk8 UkyR3V R9yĜR93X
(k3) JX CQb2HHB- CX _X /X aX CmMBQ`- 1X qX *Hm- X JQMi2M2;`Q-
JX G;2- SX S;HBQb- L2B;?#Q`?QQ/ ;`B/,  MQp2H /i bi`m+@
im`2 7Q` ~mB/b MBKiBQM rBi? ;Tm +QKTmiBM;- CQm`MH Q7 S`@
HH2H M/ .Bbi`B#mi2/ *QKTmiBM; d8 UkyR8V kyĜk3X
(kN) *m# /Q+mK2MiiBQM- ?iiTb,ffMpH#bX;Bi?m#XBQf+m#fBM/2tX
?iKH URR kyR8VX
(jy) _X *?Bb?QHK- SX _B+?KQM/- aX J//Q+F-  biM/`/Bb2/
#2M+?K`F 7Q` bb2bbBM; i?2 T2`7Q`KM+2 Q7 }t2/ `/Bmb M2`
M2B;?#Qm`b- BM, 1m`QT2M *QM72`2M+2 QM S`HH2H S`Q+2bbBM;-
aT`BM;2`- kyRe- TTX jRRĜjkRX
(jR) *X qX _2vMQH/b- 6HQ+Fb- ?2`/b M/ b+?QQHb,  /Bbi`B#mi2/ #2@
?pBQ`H KQ/2H- *J aA::_S> *QKTmi2` :`T?B+b kR U9V
URN3dV k8Ĝj9X
(jk) .X >2H#BM;- SX JQHM`- aQ+BH 7Q`+2 KQ/2H 7Q` T2/2bi`BM /v@
MKB+b- S?vbB+H `2pB2r 1 8R U8VX
_Q#2`i *?Bb?QHK `2+2Bp2/ i?2 Kb@
i2`b /2;`22 BM *QKTmi2` a+B2M+2 7`QK
h?2 lMBp2`bBiv Q7 a?2{2H/- lE- BM
kyR9X >2 Bb +m``2MiHv rQ`FBM; iQr`/b
 S?. /2;`22 BM i?2 .2T`iK2Mi Q7
*QKTmi2` a+B2M+2 i h?2 lMBp2`bBiv
Q7 a?2{2H/- lMBi2/ EBM;/QKX >Bb `2@
b2`+? BMi2`2bib BM+Hm/2 :Sl ++2H2`@
i2/ H;Q`Bi?Kb- /i bi`m+im`2b M/ ;`T?B+b- BM T`iB+m@
H` rBi? TTHB+iBQM iQ +QKTH2t bvbi2Kb bBKmHiBQMbX
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.` ai2p2 J//Q+F `2+2Bp2/ ?Bb S?.
BM +QKTmi2` b+B2M+2 7`QK i?2 lMBp2`bBiv
Q7 a?2{2H/- lE BM RNNNX >2 Bb >2/ Q7
i?2 oBbmH *QKTmiBM; `2b2`+? ;`QmT
BM i?2 .2T`iK2Mi Q7 *QKTmi2` a+B@
2M+2 i i?2 lMBp2`bBiv Q7 a?2{2H/X >Bb
`2b2`+? BMi2`2bib BM+Hm/2 +QKTmi2` 7@
+BH KQ/2HHBM; M/ MBKiBQM- _ M/
o_ i2+?MQHQ;v M/ TTHB+iBQMb- M/
bF2i+?@#b2/ BMi2`7+2b 7Q` bBKmHiBQMX
.` SmH _B+?KQM/ Bb M 1Sa_*
_2b2`+? aQ7ir`2 1M;BM22`BM; 62HHQr
M/ a2MBQ` G2+im`2` i i?2 lMBp2`bBiv
Q7 a?2{2H/- lEX >Bb `2b2`+? 7Q+mb2b
QM 7+BHBiiBM; i?2 mb2 Q7 ++2H2`i2/ `@
+?Bi2+im`2b bm+? b :`T?B+b S`Q+2bbBM;
lMBib U:SlbV iQ ++2H2`i2 b+B2MiB}+
/Bb+Qp2`v- T`iB+mH`Hv `QmM/ i?2 /2@
p2HQTK2Mi Q7 bQ7ir`2 7Q` +QKTH2t bvbi2Kb bBKmHiBQMX >2
Bb i?2 H2/ /2p2HQT2` Q7 i?2 6H2tB#H2 G`;2@b+H2 ;2Mi
JQ/2HHBM; 1MpB`QMK2Mi 7Q` i?2 :Sl U6GJ1 :SlV M/
?b +QHH#Q`i2/ BMi2`MiBQMHHv iQ TTHv i?Bb bQ7ir`2 iQ
T`QD2+ib BM +2HHmH` #BQHQ;v- 2+QHQ;v M/ i`MbTQ`i bBKmH@
iBQMX
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